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Ramsey [1930]

every graph has a
homogeneous set
of size 3 log n
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Erdés [1947]
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without a
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Ramsey [1930]

every graph has a
homogeneous set
of size 3 log n

Erdés [1947]

there are graphs
without a
homogeneous set
of size 2log n

Erdos, Hajnal [conjecture, 1989]

for every H there is ¢(H) > 0 s.t. any graph with-
out an induced copy of H has a homogeneous
set of size n¢(H)
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Conjecture

ERDOS, HAINAL 1989

For every graph H there is ¢(H) > 0 s.t. all graphs G € FORB},(H) have
hom(G) > n¢(H).

ForBs;(H) ={G:|G|=n,H £ G}, hom(G) = max{x(G), w(G)}
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Conjecture ERDOS, HAINAL 1989

For every graph H there is ¢(H) > 0 s.t. all graphs G € FORB},(H) have
hom(G) > n¢(H).

ForBs;(H) ={G:|G|=n,H £ G}, hom(G) = max{x(G), w(G)}
The existence of some ¢(H) > 0 is known, e.g., for

H € {Ps, Kz, P, K13, Cs4, Ks — e, Ky, Bull}.

\I I><I \.\7/
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Conjecture ERDOS, HAINAL 1989

For every graph H there is ¢(H) > 0 s.t. all graphs G € FORB},(H) have
hom(G) > n¢(H).

ForBs;(H) ={G:|G|=n,H £ G}, hom(G) = max{x(G), w(G)}
The existence of some ¢(H) > 0 is known, e.g., for

H € {Ps, Kz, P, K13, Cs4, Ks — e, Ky, Bull}.

\I I><I \.\7/

What about H = C5?

./.\.
\_/
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ConjeCture ERDOS, HAINAL 1989

For every graph H there is ¢(H) > 0 s.t. all graphs G € FORB},(H) have
hom(G) > n¢(H),
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Theorem LoEBL, REED, SCOTT, THOMASON, THOMASSE, 2010

For every graph H there is ¢(H) > 0 s.t. graphs G € FORB}(H)
have hom(G) > n(H).
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Theorem LoEBL, REED, SCOTT, THOMASON, THOMASSE, 2010

For every graph H there is ¢(H) > 0 s.t. graphs G € FORB}(H)
have hom(G) > n(H).

They ask:

For which H is there n(H) > 0 s.t. almost all graphs G € FORB}(H) have
hom(G) >n(H)-n?
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Theorem LoEBL, REED, SCOTT, THOMASON, THOMASSE, 2010

For every graph H there is ¢(H) > 0 s.t. graphs G € FORB}(H)
have hom(G) > n(H).

They ask:

For which H is there n(H) > 0 s.t. almost all graphs G € FORB}(H) have
hom(G) >n(H)-n?

Example:

every graph in FORB},(Ps3) is the disjoint union of cliques
FORB},(P3) is dominated by graphs G with w(G) = O(log n)
thus Pz does have any n(Ps) >0
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Theorem LoEBL, REED, SCOTT, THOMASON, THOMASSE, 2010

For every graph H there is ¢(H) > 0 s.t. graphs G € FORB}(H)
have hom(G) > n(H).

They ask:

For which H is there n(H) > 0 s.t. almost all graphs G € FORB}(H) have
hom(G) >n(H)-n?

They say:

“P3 does not have any n(Ps) > 0”

“P4 might not have any n(P4) > 0”

“we wonder if all other H have some n(H) > 0”
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H = Cs has the property even in a

Theorem BOTTCHER, TARAZ, W, 2010

For every rational ¢ € (0, 1) there exists n > 0 s.t. almost all graphs
G € FORBj(Cs, ¢) have hom(G) > nn.

Fors;(H,c) ={G: H#£ G,|Gl = n,||Gl| = c(3)}
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H = Cs has the property even in a

Theorem BOTTCHER, TARAZ, W, 2010

For every rational ¢ € (0, 1) there exists n > 0 s.t. almost all graphs
G € FORBj(Cs, ¢) have hom(G) > nn.

Fors;(H,c) ={G: H#£ G,|Gl = n,||Gl| = c(3)}

Sketch of proof:
1. lower bound the size of FORB}(Cs, ¢)
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H = Cs has the property even in a

Theorem BOTTCHER, TARAZ, W, 2010

For every rational ¢ € (0, 1) there exists n > 0 s.t. almost all graphs
G € FORBj(Cs, ¢) have hom(G) > nn.

Fors;(H,c) ={G: H#£ G,|Gl = n,||Gl| = c(3)}

Sketch of proof:

1. lower bound the size of FORB}(Cs, ¢)
2. upper bound the number of graphs with hom(G) < wn using
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H = Cs has the property even in a

Theorem BOTTCHER, TARAZ, W, 2010

For every rational ¢ € (0, 1) there exists n > 0 s.t. almost all graphs
G € FORBj(Cs, ¢) have hom(G) > nn.

Fors;(H,c) ={G: H#£ G,|Gl = n,||Gl| = c(3)}

Sketch of proof:

1. lower bound the size of FORB}(Cs, ¢)
2. upper bound the number of graphs with hom(G) < wn using
Szemerédi’s Regularity Lemma
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H = Cs has the property even in a

Theorem BOTTCHER, TARAZ, W, 2010

For every rational ¢ € (0, 1) there exists n > 0 s.t. almost all graphs
G € FORBj(Cs, ¢) have hom(G) > nn.

Fors;(H,c) ={G: H#£ G,|Gl = n,||Gl| = c(3)}

Sketch of proof:
1. lower bound the size of FORB}(Cs, ¢)

2. upper bound the number of graphs with hom(G) < wn using

Szemerédi’'s Regularity Lemma
Turan’s Theorem
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H = Cs has the property even in a

Theorem BOTTCHER, TARAZ, W, 2010

For every rational ¢ € (0, 1) there exists n > 0 s.t. almost all graphs
G € FORBj(Cs, ¢) have hom(G) > nn.

IGll = c(3)}

ForB,(H,c) ={G: H £ G,|G|=n,

Sketch of proof:

1. lower bound the size of FORB}(Cs, ¢)
2. upper bound the number of graphs with hom(G) < wn using

Szemerédi’'s Regularity Lemma
Turan’s Theorem
basic combinatorics
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Define T T T T T T

1r l/ﬁ\h(c)
H(2c)/2 fo<c<i, o8 /
h(c):=<1/2 ifl<c<d, o6f
H2c—1)/2 if2<ec<1. 04
0.2
Here H(c) is the binary entropy 0 ‘ ‘ ‘ ‘
H(c) = —clogc—(1—c)log(1—c) . 0 02 04 06 08

Binomial coefficients

For every ¢ € (0, 1) with cn being an integer

n _ 2H(c)n+o(n)
cn '
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Define T T T T T T

1t ——————— hiO -
H(2¢)/2 fo<c<i, o8 /
h(c):=<1/2 ifl<c<d, o6f 1
H2c—1)/2 if3<ec<1. 04[ i
0.2
Here H(c) is the binary entropy 0 ‘ ‘ ‘ ‘
H(C) _ —Clog C—(1 —C) |Og(1 —C) ) 0 0.2 0.4 06 08 1

For every ¢ € (0, 1) with ¢(3) being an integer

FORB}(Cs, ¢)| > 2" ) +oM (),
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Lemma

For every ¢ € (0, 1) with ¢(}) being an integer

IFORB?(Cs, ¢)| > 2" () +e((3),
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Lemma

For every ¢ € (0, 1) with ¢(}) being an integer

IFORB? (Cs, ¢)| > 2M@(2)+on(z),

Lemma

For every ¢ € (0, 1) with ¢(3) being an integer there ism > 0 s.t.
IFORBE,,(Cs, )| < p(h(e)=r(e)(3)+o(1)(3)
where r: (0,1) — R,

ForB,,(Cs, c) ={G € FORB,(Cs, ¢) : hom(G) < nn}
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Regularity Lemma SzEmERED!

Every sufficiently large graph G = (V, E) can be equipartitioned into
V=WUViU...UVks.t almost all pairs (V;, V;) are < -reqular pairs.
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Regularity Lemma SzEmERED!

Every sufficiently large graph G = (V, E) can be equipartitioned into
V=WUViU...UVks.t almost all pairs (V;, V;) are < -reqular pairs.

G: Vi
Vo(2)

IQ ()

MW
w,} Vs
: Vo

5
Vi
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Regularity Lemma SzewERED!

Every sufficiently large graph G = (V, E) can be equipartitioned into
V=WUViU...UVks.t almost all pairs (V;, V;) are < -reqular pairs.

V5 V4 R: Vs Va
(- 7\
W
Vo @\ A % 4 Vs e /(I7. "
V
()

V4 ° Vo

Then G has the coloured reduced graph R = ({wo, ..., vk}, Eg, 0) with

W idV,V)>(1-d)
o:Er—~{ B, } {v,vy}j—<H ifdV,V)eld1-d
if d(V;, V) < d.
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The mysterious regular pairs

e-regular pairs allow the embedding of (fixed) bipartite graphs
especially: any triangle of e-regular pairs gives an induced Cs
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The mysterious regular pairs

e-regular pairs allow the embedding of (fixed) bipartite graphs
especially: any triangle of e-regular pairs gives an induced Cs

V3
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The mysterious regular pairs

e-regular pairs allow the embedding of (fixed) bipartite graphs
especially: any triangle of e-regular pairs gives an induced Cs
V3

V3
®

o
AN AN
v " ) @A\Q

The structure of R

Let R = ({v, V1, ..., v}, ER) be the coloured reduced graph of some

G € FORB}(Cs). Then at most k2 /4 edges in R are grey by Turan’s
Theorem.

Andreas Wrfl

Induced Cs-free graphs of fixed density: counting and homogenous sets
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Question: How many graphs G € FORB},(Cs, c¢) can share one R?
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Question: How many graphs G € FORB},(Cs, c¢) can share one R?

We try to reconstruct some G from R by putting
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Question: How many graphs G € FORB},(Cs, c¢) can share one R?

We try to reconstruct some G from R by putting
edges inside clusters,
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Question: How many graphs G € FORB},(Cs, c¢) can share one R?

We try to reconstruct some G from R by putting
edges inside clusters,
edges into irregular pairs and (in)to Vg,
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Question: How many graphs G € FORB},(Cs, c¢) can share one R?

We try to reconstruct some G from R by putting
edges inside clusters,
edges into irregular pairs and (in)to Vg,
edges into white or black edges of R,

Andreas Warfl Induced Cs-free graphs of fixed density: counting and homogenous sets EuroComb '11 Tlm



Question: How many graphs G € FORB},(Cs, c¢) can share one R?

We try to reconstruct some G from R by putting
edges inside clusters,
edges into irregular pairs and (in)to Vg,
edges into white or black edges of R,
edges into of R.

G: Vs Vs R: v Vs
() N
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Question: How many graphs G € FORB},(Cs, c¢) can share one R?

We try to reconstruct some G from R by putting

edges inside clusters, negligible
edges into irregular pairs and (in)to Vp, negligible
edges into white or black edges of R, negligible
edges into of R.

G: Vs Vs R: v Vs
() N
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Question: So how many choices are there in the grey edges?
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Question: So how many choices are there in the grey edges?

there are at most k2/4 grey edges in R
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Question: So how many choices are there in the grey edges?

there are at most k2/4 grey edges in R
each grey edge is home to (n/k)? edges of G
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Question: So how many choices are there in the grey edges?

there are at most k2/4 grey edges in R
each grey edge is home to (n/k)? edges of G
so we choose at most c(3) out of n?/4 edges
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Question: So how many choices are there in the grey edges?

there are at most k2/4 grey edges in R
each grey edge is home to (n/k)? edges of G
so we choose at most c(3) out of n?/4 edges

this gives no more than 2/1(¢)(2)+0(™) choices
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Lemma

Let G be a graph on n vertices. Then one of the following is true:

there is a homogenous set of size n/6 in G, or
G has n/6 disjoint copies of P3, or
G has n/6 disjoint copies of Ps.
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Lemma

Let G be a graph on n vertices. Then one of the following is true:

there is a homogenous set of size n/6 in G, or
G has n/6 disjoint copies of P3, or
G has n/6 disjoint copies of Ps.

R: G:
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Lemma

Let G be a graph on n vertices. Then one of the following is true:

there is a homogenous set of size n/6 in G, or
G has n/6 disjoint copies of P3, or
G has n/6 disjoint copies of Ps.

R: G:
.(b /'
© mm— O o( —. Vad
VI Vj . o
Vi v
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Lemma

There is r(c) > 0 s.t. at most

o(h(e)—=r(e))(3)+o(1)(3)

graphs G without a homogeneous set of size n/6k share one given R.
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Lemma

There is r(c) > 0 s.t. at most

o(h(e)—=r(e))(3)+o(1)(3)

graphs G without a homogeneous set of size n/6k share one given R.

recall: there is only a finite number of coloured reduced graphs R
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Lemma

There is r(c) > 0 s.t. at most

o(h(e)—=r(e))(3)+o(1)(3)

graphs G without a homogeneous set of size n/6k share one given R.
recall: there is only a finite number of coloured reduced graphs R

Summing up:

Andreas Warfl Induced Cs-free graphs of fixed density: counting and homogenous sets EuroComb '11 Tlm



Lemma

There is r(c) > 0 s.t. at most

o(h(e)—=r(e))(3)+o(1)(3)

graphs G without a homogeneous set of size n/6k share one given R.
recall: there is only a finite number of coloured reduced graphs R
Summing up:

FORB*(C=. ¢)| > 2 (3)+o(1(3)
| H(Cs, )| =
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Lemma

There is r(c) > 0 s.t. at most

o(h(e)—=r(e))(3)+o(1)(3)

graphs G without a homogeneous set of size n/6k share one given R.
recall: there is only a finite number of coloured reduced graphs R
Summing up:

IFORB?(Cs, c)| > 2M@(5)+e()(3)

IFORBY; /6 (Cs, ©)| < 2N E)+o(z)
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Lemma

There is r(c) > 0 s.t. at most

o(h(e)—=r(e))(3)+o(1)(3)

graphs G without a homogeneous set of size n/6k share one given R.
recall: there is only a finite number of coloured reduced graphs R
Summing up:

IFORB?(Cs, ¢)| > 2"(©)(E)+o ()

IFORB 1 /6x(Cs, €]l < o(h(e)=r(e))(3)+o(1)(3)

IFORB}, 1 /6« (Cs.C)|
|[Fors}, (Cs,c)|

< o=@ (3)+oM(3) 0 as n — oo
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Lemma

There is r(c) > 0 s.t. at most

o(h(e)—=r(e))(3)+o(1)(3)

graphs G without a homogeneous set of size n/6k share one given R.
recall: there is only a finite number of coloured reduced graphs R
Summing up:

IFORB?(Cs, ¢)| > 2"(©)(E)+o ()

IFORB 1 /6x(Cs, €]l < o(h(e)=r(e))(3)+o(1)(3)
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The curious case of Cg

hom(G) > Jlogn forall G € FORB}(Cs) RAMBEY
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The curious case of Cg

|Og n forall G € FORB;’;(C5) RAMSEY
\/ﬁ for almost all G € FORB;(C5) LOEBL ET AL.

=
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The curious case of Cg

hom(G) > Jlogn forall G € FORB}(Cs) RAMBEY
hom(G) = \/ﬁ for almost all G € FORB;(C5) LOEBL ET AL.
hom(G) =nn for almost all G € FORB:;(CS) BOTTCHER ET AL.
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The curious case of Cg

hom(G) > Jlogn forall G € FORB}(Cs) ER—
hom(G) > ﬁ for almost all G € FORB};(Cs) LoEBL ET AL.
hom(G) > nn for almost all G € FORB},(Cs) BOTTCHER ET AL.
still open: is there ¢(Cs) > 0 with

hom(G) > n¢(%) for all G € FORB}(Cs) ? Enp&s, HAINAL
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The curious case of Cg

hom(G) > Jlogn forall G € FORB}(Cs) ER—
hom(G) > ﬁ for almost all G € FORB};(Cs) LoEBL ET AL.
hom(G) > nn for almost all G € FORB},(Cs) BOTTCHER ET AL.
still open: is there ¢(Cs) > 0 with

hom(G) > n¢(%) for all G € FORB}(Cs) ? Enp&s, HAINAL
almost all G € FORB;,(Cs) have homogeneous sets,

but some not even have homogeneous sets?
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