
ESSENTIALLY INFINITE COLOURINGS OF HYPERGRAPHSB. BOLLOB�AS, Y. KOHAYAKAWA, V. R�ODL, M. SCHACHT, AND A. TARAZAbstra
t. We 
onsider edge 
olourings of the 
omplete r-uniform hypergraphK(r)n on n verti
es. How many 
olours may su
h a 
olouring have if we restri
tthe number of 
olours lo
ally? The lo
al restri
tion is formulated as follows:for a �xed hypergraph H and an integer k we 
all a 
olouring (H; k)-lo
al ifevery 
opy of H in the 
omplete hypergraph K(r)n re
eives at most k di�erent
olours.We investigate the threshold for k that guarantees that every (H; k)-lo
al
olouring of K(r)n must have a globally bounded number of 
olours as n!1,and we establish this threshold exa
tly. The following phenomenon is alsoobserved: for many H (at least in the 
ase of graphs), if k is a little over thisthreshold, the unbounded (H; k)-lo
al 
olourings exhibit their 
olourfulness ina \sparse way"; more pre
isely, a bounded number of 
olours are dominantwhile all other 
olours are rare. Hen
e we study the threshold k0 for k thatguarantees that every (H; k)-lo
al 
olouring 
n of K(r)n with k � k0 must havea globally bounded number of 
olours after the deletion of up to "nr edgesfor any �xed " > 0 (the bound on the number of 
olours is allowed to dependon H and " only); we think of su
h 
olourings 
n as \essentially �nite". Asit turns out, every essentially in�nite 
olouring is 
losely related to a non-mono
hromati
 
anoni
al Ramsey 
olouring of Erd}os and Rado. This se
ondthreshold is determined up to an additive error of 1 for every hypergraph H.Our results extend earlier work for graphs by Clapsadle and S
help [Lo
al edge
olorings that are global, J. Graph Theory 18 (1994), no. 4, 389{399℄ and bythe �rst two authors and S
help [Essentially in�nite 
olourings of graphs, J.London Math. So
. (2) 61 (2000), no. 3, 658{670℄. We also 
onsider a relatedquestion for 
olourings of the integers and arithmeti
 progressions.
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es 271. Introdu
tionFor an integer r � 2, let K(r)n be the 
omplete r-uniform hypergraph with vertexset [n℄ = f1; : : : ; ng. We identify hypergraphs with their edge sets, e.g.,K(r)n = �[n℄r �,the family of all subsets of [n℄ with 
ardinality r. In the following, we 
onsider
olourings 
n : K(r)n ! Z and the set of all su
h 
olourings will be denoted by C(r)n .For a given 
olouring, we say that a vertex x sees 
olour i in this 
olouring if x is
ontained in an edge of 
olour i.Fix an r-uniform hypergraphH and a positive integer k. A 
olouring 
n 2 C(r)n ofK(r)n is 
alled (H; k)-lo
al if (the edges of) every 
opy of H inK(r)n are 
oloured withat most k di�erent 
olours. Lo
al 
olourings were introdu
ed by Trusz
zy�nski [14℄.We shall denote the set of all su
h 
olourings by L(r)n (H; k).We are interested in the stru
ture of the 
olourings in L(r)n (H; k). In parti
u-lar, we investigate what one 
an say about the total number of 
olours used in a
olouring in L(r)n (H; k). It turns out that this total number is uniformly bounded(as n!1) as long as k is below a 
ertain threshold Fin(H). Our �rst main resultgives a simple, expli
it expression for Fin(H) (see Theorem 2 below). This resultgeneralizes a result of Clapsadle and S
help [2℄, who investigated this problem forgraphs, that is, the 
ase r = 2.By de�nition, the (H; k)-lo
al 
olourings 
n of K(r)n with k just above the thresh-old Fin(H) may use an unbounded number of 
olours (as n ! 1). However, formany H , for k just a little above Fin(H), only a uniformly bounded number of
olours o

ur a large number of times in 
n: if we restri
t 
n to some (1� o(1))�nr�edges of K(r)n , we again have a uniformly bounded number of 
olours only. We 
allsu
h 
olourings 
n \essentially �nite." To be pre
ise, we 
all a family of 
olour-ings f
ng essentially �nite if for any " > 0 there is an integer T su
h that all but



ESSENTIALLY INFINITE COLOURINGS 3at most "�nr� edges of K(r)n are 
oloured by at most T 
olours by all 
olourings 
nin the family.We investigate a se
ond threshold, whi
h we denote by EssFin(H), related toessential �niteness of 
olourings. We have EssFin(H) = k0 if and only if k0 is themaximal integer su
h that every (H; k)-lo
al 
olouring 
n of K(r)n with k � k0 isessentially �nite. In what follows, we determine EssFin(H) up to an additive errorof 1 (see Theorem 5). This result generalizes a result of the �rst and se
ond authorstogether with S
help [1℄, who investigated the parameter EssFin(H) for graphs H .As in that previous paper, most of the work will lie in identifying 
ertain unavoid-able substru
tures in essentially in�nite 
olourings, that is, 
olourings that are notessentially �nite. The main result that we obtain in this dire
tion has, unfortu-nately, a somewhat te
hni
al look; see Theorem 8 in Se
tion 2.3. Our estimatefor EssFin(H) follows dire
tly from Theorem 8 (see Se
tion 5.4).By de�nition, we have Fin(H) � EssFin(H): (1.1)We shall show that, at least in the 
ase of graphs, we have stri
t inequality in (1.1)in most 
ases (we also exhibit examples of graphs H for whi
h equality holds). SeeCorollary 6.We also 
onsider essentially in�nite 
olourings of the integers, and we prove thatthey ne
essarily 
ontain arbitrarily long `rainbow' (totally multi
oloured) arith-meti
 progressions (see Theorem 10). It turns out that this result is of a mu
hsimpler form than the results for essentially in�nite 
olourings of hypergraphs, andthe proof is 
orrespondingly more pleasant.In the next se
tion, we shall give a detailed a

ount of our results, together withthe ne
essary de�nitions, some of whi
h will be introdu
ed rather gently, as they dorequire some getting used to. Mostly be
ause of its length and simpli
ity, we thenmove on to essentially in�nite 
olourings of integers and long rainbow arithmeti
progressions. Most of the work will be in the two se
tions that follow. In Se
tion 4,we shall prove our expli
it formula for Fin(H), and in Se
tion 5 we shall investigateessentially in�nite 
olourings of hypergraphs and prove our estimate on EssFin(H).2. Statement of the main results2.1. Warm-up. Suppose one tries to 
olour the edges ofK(r)n using as many 
oloursas possible, and the only restri
tion is that it has to be an (H; k)-lo
al 
olouring.Let us denote the maximum number of 
olours that one 
an a
hieve byt(H; k; n) := max�j im(
)j : 
 2 L(r)n (H; k)	 :For given H and k, we are interested in how t(H; k; n) behaves as a fun
tion in n.To warm up, 
onsider the following example. Let r = 2 and H = K5. We havethat t(K5; 1; n) = 1 and t(K5; 2; n) = 2 : (2.1)Indeed, the former is trivial and the latter is immediately veri�ed as follows. Sup-pose for a 
ontradi
tion that a 
olouring 
 2 L(2)n (K5; 2) uses three di�erent 
olours
1, 
2, and 
3 on the edges fx1; y1g, fx2; y2g, and fx3; y3g. If these six verti
es arenot pairwise distin
t, then they are 
ontained in a 
opy of K5 pi
king up 3 
olours,whi
h is forbidden. Also, the edge fx1; x2g 
annot have 
olour 
3, so w.l.o.g. it has
olour 
1. But then the verti
es x1; x2; y2; x3; y3 span a K5 with 3 
olours. Thisshows that indeed t(K5; 2; n) = 2.



4 BOLLOB�AS, KOHAYAKAWA, R�ODL, SCHACHT, AND TARAZNext we 
laim that t(K5; 3; n) � jn2 k+ 1 :This 
an be veri�ed by 
onsidering the 
olouring 
mat
h;n 2 C(2)n , whi
h assigns toea
h edge of a �xed mat
hing of size bn=2
 a new 
olour and 
olours all the otheredges with an extra 
olour 0. It is 
lear that 
mat
h;n 2 L(2)n (K5; 3), be
ause any
opy of a K5 
an 
ontain at most two mat
hing edges, whereas j im(
mat
h;n)j =bn=2
+1. Thus, when we move from t(K5; 2; n) to t(K5; 3; n), the fun
tion suddenly
hanges from bounded to unbounded.2.2. Finite lo
al 
olourings. One of the aims of this paper is to determine, fora given r-uniform hypergraph H , the maximal integer k for whi
h t(H; k; n) isbounded. Formally, we are interested inFin(H) := max�k 2 N : 9T 2 N su
h that for every n 2 Nevery 
 2 L(r)n (H; k) is su
h that j im(
)j � T	 :The earlier dis
ussion shows that Fin(K5) = 2. A theorem by Clapsadle and S
helpgives a ni
e des
ription of Fin(H) for any graph H .Theorem 1 (Clapsadle & S
help [2℄). Let H be a graph with at least two edges. Let�(H) denote the 
ardinality of a maximum mat
hing in H and �(H) the maximumdegree of a vertex in H. ThenFin(H) = minf�(H);�(H)g : �Clapsadle and S
help were espe
ially interested in the situation when t(H; k; n) =k. They observed that in that 
ase H must 
ontain every graph on k edges as asubgraph and 
onje
tured that the 
onverse is also true.One of the aims of this paper is to generalize Theorem 1 to hypergraphs. Forthis we introdu
e the following de�nitions. An r-uniform sun
ower (or �-system)with 
ore L is an r-uniform hypergraph with set of edges fe1; : : : ; esg su
h thatei \ ej = L for all i 6= j. We allow L = ;; in that 
ase, a sun
ower is simply amat
hing. The sets ei are the edges and the sets pi := ei n L are the petals. The
ardinality of the 
ore jLj is the type and s, the number of edges (or petals), is thesize of the sun
ower. If ` = jLj is the type and s is the size of the sun
ower, weshall speak of an (`; s)-sun
ower and we shall denote it by S = (L; p1; : : : ; ps).Furthermore, for ` = 0; : : : ; r we denote by �`(H) the maximum size of a sun-
ower of type ` in a hypergraph H . Obviously if H is a graph, i.e., r = 2, then wehave �1(H) = �(H) and �0(H) = �(H). Consequently, the following theorem isan extension of Theorem 1 from graphs to r-uniform hypergraphs.Theorem 2. For any r-uniform hypergraph H with at least two edges we haveFin(H) = min0�`<r�`(H) : (2.2)The upper bound, Fin(H) � min0�`<r�`(H), is easy to verify and we givethe proof below. The lower bound is harder to obtain. Its proof 
an be found inSe
tion 4.Proof of the upper bound in Theorem 2. Suppose H is an r-uniform hypergraphwith at least two edges. We shall show thatFin(H) < min0�`<r�`(H) + 1 =: k : (2.3)



ESSENTIALLY INFINITE COLOURINGS 5In order to verify (2.3) we give an example of a sequen
e of (H; k)-lo
al 
olourings
n 2 C(r)n su
h that j im(
n)j is unbounded.By de�nition of k in (2.3) there is some `0 2 f0; : : : ; r � 1g so that k > �`0(H).Fix in K(r)n an (`0; �n)-sun
ower S = (L; p1; : : : ; p�n), with �n := b(n� `0)=(r � `0)
.Now 
onsider the following 
olourings 
n 2 C(r)n : 
olour the edges of S with 
olours1; : : : ; �n and 
olour all other edges with 
olour 0. As H 
ontains no (`0; k)-sun
ower,every 
opy of H in K(r)n 
annot see more than k � 1 
olours from those appearingin S, and thus at most k di�erent 
olours in total. Hen
e 
n is (H; k)-lo
al, butobviously j im(
n)j ! 1 as n!1. �2.3. Essentially �nite 
olourings. Let us return to our warm-up example. No-ti
e that in the (K5; 3)-lo
al 
olouring 
mat
h;n all but one 
olour was in fa
t onlyused on
e. In other words, 
mat
h;n did use an unbounded number of 
olours, butonly in a very sparse way. We would like to know how large we 
an make k beforethere exists a 
olouring in L(r)n (H; k) that uses a lot of 
olours in an \essential way,"by whi
h we mean that there are still unboundedly many 
olours after removing,say, some f(n) edges.For a moment suppose f(n) is of order o(n2). We modify the 
olouring 
mat
h;nand 
onsider 
0mat
h;n 2 C(2)n , where we have n2=(8f(n)) vertex disjoint 
opies ofthe 
omplete bipartite graph K4f(n)=n;4f(n)=n, ea
h of its own 
olour, and the otheredges re
eive 
olour 0. It is easy to 
he
k that 
0mat
h;n uses an unbounded numberof 
olours, even after the deletion of any f(n) edges. On the other hand, 
0mat
h;n isstill (K5; 3)-lo
al. Summarizing the above, we note that while the original 
olouring
mat
h;n was an example of a (K5; 3)-lo
al 
olouring whi
h remains unbounded afterdeleting up to 
n edges for any 
 < 12 , the modi�ed 
olouring 
0mat
h;n witnessesthat the same remains true if we remove up to o(n2) edges. Hen
e, if we want toguarantee that our 
olouring 
 uses boundedly many 
olours after deleting up too(n2) edges, we 
annot allow more 
olours lo
ally. Hen
e for r = 2 let us 
onsiderfun
tions f(n) = "�n2� for some " > 0 and, more generally, we allow the deletion ofup to "�nr� edges in K(r)n .De�nition 3. Let r � 2 be an integer, t 2 N and " > 0. We say a 
olouring 
 2 C(r)nis ("; t)-bounded if there exists a subgraph G � K(r)n su
h that jGj � (1 � ")�nr�and j
(G)j � t. Moreover, we say that a family of 
olourings f
n 2 C(r)n : n 2 Ngis essentially �nite if for every " > 0 there is an integer T su
h that any 
n in thefamily is ("; T )-bounded. Otherwise, we say that the family is essentially in�nite.When there is no danger of 
onfusion, we refer to the 
olourings themselves asessentially �nite and essentially in�nite.For a given r-uniform hypergraphH , we are interested in the maximum integer kthat guarantees that every (H; k)-lo
al 
olouring is ("; T )-bounded for every " > 0and T = T ("). More pre
isely, we de�neEssFin(H) := maxnk 2 N : 8" > 0 9T 2 N su
h that for every n 2 Nevery 
 2 L(r)n (H; k) is ("; T )-boundedo :Although the de�nition of EssFin(H) looks a little overwhelming at �rst, observethat it is similar to that of Fin(H), ex
ept that we are now allowed to remove "�nr�



6 BOLLOB�AS, KOHAYAKAWA, R�ODL, SCHACHT, AND TARAZedges before we 
ount the 
olours. This way we may be able to allow for a largernumber of 
olours lo
ally while remaining essentially �nite globally.In order to get used to EssFin(H), we return to our example H = K5 and showthat EssFin(K5) = 3 : (2.4)For that we 
onsider the following two 
olourings 
min;n and 
bip;n 2 C(2)n . Forevery edge e = fx; yg 2 �[n℄2 � with x < y, let
min;n(e) := x;
bip;n(e) := (x if x � n2 < y ;0 otherwise :Observe that both f
min;n : n 2 Ng and f
bip;n : n 2 Ng are essentially in�nite.Moreover, 
min;n is (K5; 4)-lo
al, but not (K5; 3)-lo
al; 
bip;n is not even (K5; 4)-lo
al. Therefore, 
min;n shows that EssFin(K5) < 4.On the other hand, let us sket
h the proof of EssFin(K5) � 3. We need to showthat for every " > 0 there exists an integer T so that every (K5; 3)-lo
al 
olouring
 is ("; T )-bounded. So suppose f
n 2 C(r)n : n 2 Ng is essentially in�nite. Thenit follows from the results in [1℄ that for suÆ
iently large n the 
olouring 
n mustexhibit a \lo
al spot" that is (in some sense) at least as ri
h in 
olours as either
min;n or 
bip;n. But then 
n 
annot be (K5; 3)-lo
al, as neither 
min;n nor 
bip;nare, whi
h yields EssFin(K5) � 3.In order to formalize this for arbitrary hypergraphs, we generalize the 
olourings
min;n and 
bip;n and des
ribe a family CEIC(r)n � C(r)n of 
anoni
al essentiallyin�nite 
olourings of K(r)n , whi
h turn out to be unavoidable for every essentiallyin�nite 
olouring.De�nition 4. Let r � 2 and ` 2 [r℄. A ve
tor � = (�1; : : : ; �`) 2 N0̀ of non-negativeintegers is an `-type if Pi2[`℄ �i = r. We 
all � degenerate if �i = 0 for some i 2 [l℄and non-degenerate otherwise. We denote the set of all non-degenerate types byT (r) = [`2[r℄�� = (�1; : : : ; �`) : Xi2[`℄ �i = r and �i > 0 for all i 2 [`℄�For a family of mutually disjoint sets W1; : : : ;W` � [n℄ and an `-type � we say anedge e 2 K(r)n has type � if je \Wij = �i for every i 2 [`℄. We denote the family ofall edges of type � by (W1; : : : ;W`)h�i.For �xed integers r and n we 
onsider for every ` 2 [r℄ a partition �` of [n℄ with `partition 
lasses Ii(`; n) for i 2 [`℄ de�ned byIi(`; n) := �� (i� 1)n` �+ 1; : : : ;� iǹ�� 1 � i � ` � r :Now we de�ne the 
anoni
al essentially in�nite 
olourings �(r)�;j1;n for every non-degenerate `-type � = (�1; : : : ; �`) and j1 2 [�1℄ by setting, for every e = fv1 <� � � < vrg 2 K(r)n ,�(r)�;j1;n(e) := (vj1 if e 2 (I1(`; n); : : : ; I`(`; n))h�i ;0 otherwise : (2.5)



ESSENTIALLY INFINITE COLOURINGS 7We let CEIC(r)n := ��(r)�;j1;n : � 2 T (r) and j1 2 [�1℄	 :Note that for example 
min;n = �(2)�;j1;n for the 1-type � = (2) with j1 = 1 2 [2℄, and
bip;n 
orresponds to �(2)�;j1;n for the 2-type � = (1; 1) with j1 = 1 2 [1℄.It is easy to see that for any � 2 T (r) and j1 2 [�1℄ the family f�(r)�;j1;n : n 2 Ngis essentially in�nite. (Note that � 2 T (r) yields �1 > 0 here.) Consequently,EssFin(H) < maxn���(r)�;j1;n(H0)�� : H0 is a 
opy of H in K(r)n o (2.6)for any � 2 T (r), j1 2 [�1℄, and n � r � vH . Let us set�(H) := min�; j1 maxH0 ���(r)�;j1;r�vH (H0)��;where the minimum is taken over all � 2 T (r) and j1 2 [�1℄ and the maximumis taken over all 
opies H0 of H in K(r)r�vH . The following theorem states that theupper bound in (2.6) is almost tight.Theorem 5. For every r-uniform hypergraph H on vH verti
es with at least twoedges �(H)� 2 � EssFin(H) � �(H)� 1: (2.7)Moreover, if r = 2, thenEssFin(H) = minnmaxH0 �j
min;2vH (H0)j	 ; maxH0 �j
bip;2vH (H0)j	o� 1 ; (2.8)where the maxima are taken over all 
opies H0 of H in K(2)r�vH .By de�nition EssFin(H) � Fin(H) for every hypergraph H . The next 
orollarysays that, in fa
t, the inequality is stri
t for \most" graphs (r = 2). For an integer` � 2 we denote by MC ` the \mat
hed 
lique" of order `, i.e., the graph with 2`verti
es fv1; : : : ; v`; u1; : : : ; u`g with v1; : : : ; v` spanning a 
omplete graph K` andadditional mat
hing edges fvi; uig for every i 2 [`℄.Corollary 6. Suppose H is a 
onne
ted graph with at least two edges and vH � 6verti
es. If, moreover, one of the following holds:(i ) maxf�(H);�(H)g � minf�(H) ;�(H)g+ 2, or(ii ) vH is odd, or(iii ) vH is even, but H is not a subgraph of MC vH=2,then EssFin(H) > Fin(H).On the other hand, EssFin(MC `) = Fin(MC `) for every ` � 2. �Corollary 6 follows from Theorems 1 and 5. While (i ) and the last statement areimmediate, (ii ) and (iii ) require some additional arguments, whi
h will be omitted.Re
all from the short dis
ussion about EssFin(K5) = 3 (see (2.4)) that the mainwork in determining EssFin(H) and thus in establishing Theorem 5 is needed forthe lower bound, and that our approa
h is to show that any essentially in�nite
olouring must exhibit a lo
al spot that is at least as 
olourful as a 
olouring inCEIC(r)m for some suÆ
iently large m. To make this pre
ise, we need a few morede�nitions. For any edge e = fv1; : : : ; vrg � [n℄ with v1 < � � � < vr and any set ofindi
es J = fj1; : : : ; j`g � [r℄ we let e[J ℄ := fvj1 ; : : : ; vj`g. Moreover, if J = ;, thene[J ℄ = ;. With that notation a 
lassi
al theorem of Erd}os and Rado 
an be statedas follows.



8 BOLLOB�AS, KOHAYAKAWA, R�ODL, SCHACHT, AND TARAZTheorem 7 (Erd}os & Rado [5℄). For all integers q � r � 2, there exists aninteger n = n(q; r) so that for every 
olouring 
 2 C(r)n there is a set W � [n℄ withjW j = q and there is a set J � [r℄ su
h that
(e) = 
(e0) , e[J ℄ = e0[J ℄for all edges e, e0 2 �Wr �. �In this 
ontext, Ramsey's theorem [12℄ says that if the total number of 
oloursused by 
 is bounded, then one 
an ask for J = ; or, equivalently, for a mono
hro-mati
 
omplete subgraph of order q. With the aim of proving Theorem 5, amongothers, we shall prove a 
omplementary result: if 
 is suÆ
iently ri
h in 
olours,then we 
an ask for J 6= ; or, equivalently, for a multi
oloured subgraph. As weshall see in Se
tion 5.4, Theorem 5 is a simple 
onsequen
e of the following theorem,whi
h is one of the main results of this paper.Theorem 8. For all integers q � r � 2 and for every " > 0, there are integers Tand n0 so that for every n � n0 and every 
olouring 
 2 C(r)n that is not ("; T )-bounded, there exist an integer ` 2 [r℄, a non-degenerate `-type � = (�1; : : : ; �`), aset ; 6= J1 � [�1℄, and a family W = fW1; : : : ;W`g of mutally disjoint sets, ea
h of
ardinality q, su
h that for all edges e, e0 2 (W1; : : : ;W`)h�i
(e) = 
(e0) ) (e \W1)[J1℄ = (e0 \W1)[J1℄ :Moreover, if e 2 (W1; : : : ;W`)h� 0i for a degenerate `-type � 0 then 
(e) 62 �
(f) : f 2(W1; : : : ;W`)h�i	.Theorem 8 extends earlier results of Bollob�as, Kohayakawa, and S
help [1℄ fromgraphs to hypergraphs. For the proof of Theorem 8, presented in Se
tion 5, weshall develop a partite version of the result of Erd}os and Rado, whi
h might be ofindependent interest (see Theorem 25).Theorem 5 may be dedu
ed from Theorem 8. We postpone this proof to Se
-tion 5.4.2.4. Rainbow 
olourings of arithmeti
 progressions. We also obtain a verymu
h related result for arithmeti
 progressions. The following result of Erd}os andGraham (see also [11℄ for an elementary proof) 
an be viewed as an analogue ofTheorem 7 for arithmeti
 progressions.Theorem 9 (Erd}os & Graham [4℄). For every integer k � 3 there exists an integern0 su
h that for every n � n0 and every 
olouring 
 : [n℄! Z there exists a k-termarithmeti
 progression A � [n℄ whi
h is either mono
hromati
 or inje
tive, i.e.,j
(A)j is either 1 or k. �This 
an be viewed as a 
anoni
al version of van der Waerden's theorem [15℄,whi
h says that if j im(
)j is bounded (independent of n), then one 
an ask fora mono
hromati
 arithmeti
 progression. Following the same approa
h as in thepre
eeding se
tion, we are looking for a 
ondition on the 
olouring that guaranteesan inje
tive arithmeti
 progression.Let us �rst observe that it is not enough to simply require that the 
olouringwould use an unbounded number of 
olours. Consider the 
olouring 
AP;n : [n℄! Z,whi
h assigns 
olour i to every integer m = 3ix, where x is not divisible by 3.Clearly, j im
AP;nj ! 1 as n!1. Moreover, let us observe that 
AP;n yields no3-term arithmeti
 using three 
olours. Indeed suppose for a 
ontradi
tion that theintegers 3ax < 3by < 3
z re
eive the three distin
t 
olours a, b, and 
 and form a
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 progression. Suppose �rst that a < 
. Then 2 �3by = 3ax+3
z =3a(3
�az+x). As y and x are not divisible by 3, this implies that b = a. The sameargument works for the 
ase a > 
.Hen
e, similarly to the graph and hypergraph 
ases, we need a 
ondition thatguarantees that the 
olouring uses a lot of 
olours in an \essential way." Here wesay a 
olouring 
 : [n℄ ! Z is ("; t)-bounded if there exists a set X � [n℄ withjX j � n � "n, su
h that j
(X)j � t. This 
an be viewed as a natural addition toDe�nition 3 for \1-uniform hypergraphs."Theorem 10. For every integer k � 3 and for every real " > 0, there exist in-tegers n0 and T su
h that for every n � n0 and every 
olouring 
 : [n℄ ! Z thefollowing holds. If 
 is not ("; T )-bounded, then there exists an inje
tive k-termarithmeti
 progression in [n℄.Noti
e that for every fun
tion f(n) of order o(n) andX � [n℄ with jX j � n�f(n)we have that the 
olouring 
AP;n de�ned above satis�es j
AP;n(X)j � T for anyT and for suÆ
iently large n. Consequently, the 
ondition of Theorem 10 is bestpossible. The proof of Theorem 10 is based on a quantitative version of Szemer�edi'stheorem [13℄. We present this proof in the next se
tion.3. Essentially unbounded 
olourings of the integersIn this short se
tion, we present the proof of Theorem 10. We shall use thefollowing quantitative version of Szemer�edi's theorem, whi
h was proved for 3-termarithmeti
 progressions by Varnavides [16℄ and for k-term progressions by Frankl,Graham, and R�odl [7℄.Theorem 11 (Quantitative version of Szemer�edi's theorem). For every integerk � 3 and " > 0 there exists d = d(k; ") and n1 = n1(k; ") su
h that for everyn � n1, every subset X � [n℄ with jX j � "n 
ontains at least dn2 arithmeti
progressions with k elements. �Proof of Theorem 10. Let k � 3 and " > 0 be given. We setn0 = n1(k; "); T = � 1d(k; ")�k2��+ 1 ; (3.1)where n1(k; ") and d(k; ") are given by Theorem 11.Let n � n0 and 
 : [n℄ ! Z be a 
olouring that is not ("; T )-bounded. Wedenote by Ci � [n℄ the set of integers that re
eive 
olour i, i.e., Ci = 
�1(i) and let
i := jCij. Without loss of generality we may assume that 
i = 0 for every i � 0 and
i � 
i+1 for every i � 1. Moreover, for every i � T we have T � 
i �PTj=1 
j � nand hen
e 
i � nT for all i � T : (3.2)Next let Y = C1 [ � � � [ CT . Clearly, j
(Y )j � T and sin
e 
 is not ("; T )-boundedjY j = TXi=1 
i < n� "n:Therefore Pi>T 
i > "n and we 
an apply Theorem 11 to the set X = Si>T Ci.By Theorem 11 we obtain dn2 arithmeti
 progressions with k elements inside X ,where d = d(k; "). If one of them is inje
tive, i.e., uses k 
olours, then we aredone. Suppose that none of them is inje
tive, so that ea
h of them 
ontains amono
hromati
 pair. In general, every mono
hromati
 pair 
an prevent at most



10 BOLLOB�AS, KOHAYAKAWA, R�ODL, SCHACHT, AND TARAZ�k2� di�erent k-term arithmeti
 progressions from being inje
tive, whi
h implies thefollowing bounds:dn2�k2��1 � #f mono
hromati
 pairs in X g �Xi>T �
i2� �Xi>T 
2i � T �nT �2 ;where for the last step we used the fa
t that the above sum is maximized when asmany summands as possible take the maximum possible value as given by (3.2).This yields that T � �k2�=d, 
ontradi
ting our 
hoi
e of T in (3.1). �4. Globally bounded lo
al 
olouringsIn this se
tion we prove Theorem 2. We split this se
tion in a few subse
tions tomake the reading a little easier. In Se
tion 4.1, we give some further de�nitions andstate the auxiliary lemmas that we shall need. In parti
ular, we state Lemmas 15and 17, whi
h are 
entral to the proof. In this se
tion, we also sket
h the approa
hwe take in the proof of Theorem 2. The a
tual proof of this theorem is given inSe
tion 4.2. Finally, we give the proofs of Lemmas 15 and 17 in Se
tion 4.3.4.1. Auxiliary lemmas. We �rst re
all and extend some of the de�nitions givenearlier. A sun
ower with 
ore L is an r-uniform hypergraph whose edges e1; : : : ; essatisfy the property ei \ ej = L for all i 6= j. The sets pi := ei n L are the petals,jLj is the type, and the number of edges (or petals) is the size of the sun
ower. If` = jLj is the type and s is the size of the sun
ower, we shall speak of an (`; s)-sun
ower and we shall denote it by S = (L; p1; : : : ; ps). Observe that we shall betalking about sun
owers both in K(r)n and in H .�De�nition 12. For a given 
olouring 
 2 C(r)n , an (`; k)-sun
ower S(L; p1; : : : ; pk) �K(r)n will be 
alled inje
tive if all its k edges re
eive di�erent 
olours. We say 
 is(`; k)-lo
al if it yields no inje
tive (`; k + 1)-sun
ower in K(r)n . In other words, 
is (`; k)-lo
al if it is (S`; k)-lo
al for every sun
ower S` of type `. Moreover, if 
 is(`; k)-lo
al for every ` = 0; : : : ; r � 1, then it will be 
alled k-lo
al.To prove Theorem 2, it suÆ
es to verify the lower bound in (2.2). (For the proofof the upper bound, see the paragraph following Theorem 2 in Se
tion 2.2.) Inother words, we have to show that for every r-uniform hypergraph H with at leasttwo edges Fin(H) � min0�`<r�`(H) =: sH ; (4.1)where �`(H) is the maximum size of a sun
ower of type ` inH . This means we haveto show that for every n, every (H; sH )-lo
al 
olouring 
 2 C(r)n is T -bounded, i.e.,j im(
)j � T for some 
onstant T = T (H) independent of n. The next propositionshows that it is suÆ
ient to show that every (H; sH)-lo
al 
olouring 
 is k-lo
al forsome 
onstant k = k(H), i.e, it does not yield an inje
tive (`; k + 1)-sun
ower forall 0 � ` < r.Proposition 13. For all integers k, r � 2 there exists an integer T = T (k; r) su
hthat for every n and every k-lo
al 
olouring 
 2 C(r)n we have j im(
)j � T .�A remark on notation: we shall mark sub-hypergraphs in H by dashes, e.g., S0 =(L0; p01 : : : ; p0s). Moreover, the letter k (as well as bk, ek, �k) will denote bounds on the lo
al numberof 
olours in sun
owers 
ontained in K(r)n , whereas T will give bounds on the global number of
olours used in K(r)n , i.e., j im(
)j.



ESSENTIALLY INFINITE COLOURINGS 11We easily dedu
e Proposition 13 from the following theorem of Erd}os and Rado.Theorem 14 (Erd}os & Rado [6℄). If an r-uniform hypergraph 
ontains more thanr!kr edges, then it 
ontains an (`; k + 1)-sun
ower for some 0 � ` < r. �In fa
t for k = 3 Erd}os o�ered $1000 for the proof that r! 
an be repla
ed by 
rfor some 
onstant 
 independent of r. This 
onje
ture is still open and 
urrentlythe best bound for k = 3 is due to Kosto
hka [9℄.Proof of Proposition 13. Let integers k, r � 2 be given. Set T = r!kr and supposethat 
 2 C(r)n is k-lo
al, but fails to satisfy j im(
)j � T . Then Theorem 14 immedi-ately implies that any 
olle
tion of j im(
)j mutually di�erent 
oloured hyperedgesof K(r)n 
ontains an inje
tive (`; k + 1)-sun
ower for some 0 � ` < r, whi
h is a
ontradi
tion to the assumption that 
 is k-lo
al. �We dedu
e (4.1) from Lemmas 15 and 17. Before we formally state these some-what \dry" lemmas let us brie
y des
ribe them and dis
uss their relevan
e for theproof of (4.1) under the assumption sH � 2. Re
all that L(r)n (H; sH) denotes theset of all (H; sH)-lo
al 
olourings of K(r)n . In view of Proposition 13 it suÆ
es toshow that every 
olouring 
 2 L(r)n (H; sH) is k-lo
al for some 
onstant k = k(H).Lemma 15 roughly says that if 
 2 L(r)n (H; sH) is su
h that it yields an inje
-tive (i; ki)-sun
ower in K(r)n for some \large" ki, then it either admits an inje
tive(j; ki � r)-sun
ower with j > i (see part (a ) of Lemma 15) or we infer that H
ontains a subhypergraph H 0 with a spe
ial stru
ture (see part (b )). The stru
tureof H 0 and the existen
e of a \large" inje
tive (i; ki)-sun
ower in K(r)n under 
, then(see Lemma 17) also imply that there is an inje
tive (j; �k)-sun
ower with j > i,where �k is of similar order as k.In other words, Lemmas 15 and 17 show that if an (H; sH)-lo
al 
olouring 
 isnot k-lo
al for some \large" k, i.e., 
 admits a \large" inje
tive sun
ower of type ifor some i = 0; : : : ; r � 1, then it ne
essarily admits a similarly \large" sun
owerof type j > i and, 
onsequently, by repeated appli
ation of both lemmas, a \large"sun
ower of type r � 1. On the other hand, Lemma 15 also bounds the maximumsize of an inje
tive sun
ower of type r�1 for any 
 2 L(r)n (H; sH) by some 
onstantsekr�1 = ekr�1(H). Hen
e, it follows that every 
 2 L(r)n (H; sH ) must be k-lo
al forsome k = k(H).Lemma 15. Let H be an r-uniform hypergraph and suppose 2 � min0�`<r�`(H) =sH =: s. For every i = 0; : : : ; r� 1 there exists an integer eki = eki(H) > r su
h thatfor every ki � eki, for every positive integer n, and for every 
olouring 
 2 L(r)n (H; s)that yields an inje
tive (i; ki)-sun
ower Si in K(r)n , one of the following is true:(a ) there exists j > i and an inje
tive (j; ki � r)-sun
ower Sj in K(r)n , or(b ) there exists a subgraph H 0i = S0 + e0 � H with the following properties:(b1 ) S0 is an (i; s)-sun
ower in H, and we write S0 = (L0; p01; : : : ; p0s),(b2 ) e0 
ontains at least i verti
es outside the petals of S0, i.e., je0nSs�=1 p0�j �i, and(b3 ) e0 interse
ts at least two petals, i.e., there are �1 and �2, 1 � �1 <�2 � s, so that e0 \ p0�1 6= ; and e0 \ p0�2 6= ;.In parti
ular, for i = r � 1 the above ekr�1 = ekr�1(H) > r is su
h that for everypositive integer n every 
 2 L(r)n (H; s) is also (r � 1; ekr�1 � 1)-lo
al.



12 BOLLOB�AS, KOHAYAKAWA, R�ODL, SCHACHT, AND TARAZRemark 16. To see that the last part of Lemma 15 also holds, note that if i = r�1,then e0 (in part (b )) 
annot have r� 1 verti
es outside the petals and interse
t twopetals at the same time. Furthermore, 
on
lusion (a ) of Lemma 15 
annot holdeither sin
e kr�1 � ekr�1 > r. Consequently, the assumptions of Lemma 15 
annever hold for i = r � 1.Lemma 17. Let H be an r-uniform hypergraph and suppose 2 � min0�`<r�`(H) =sH =: s. For every 0 � i � r � 2 and every integer �k there exists a positive integerbki = bki(s; �k) su
h that the following is true for every positive integer n. If(i ) H 
ontains a subgraph H 0i = S0+ e0 satisfying (b1 ){(b3 ) of Lemma 15 and(ii ) 
 2 L(r)n (H; s) yields an inje
tive (i; bki)-sun
ower,then 
 gives rise to an inje
tive (j; �k)-sun
ower in K(r)n for some j > i.We defer the proofs of Lemmas 15 and 17 to Se
tion 4.3. We 
lose this se
tionwith the following simple but useful observation, to be used in the proof of (4.1) inthe next se
tion.Proposition 18. Suppose n � 3r � 1y and 
 2 C(r)n is a 
olouring su
h thatj im(
)j � 2. Then for every i = 0; : : : ; r � 1 there are two edges e1, e2 2 K(r)nsatisfying je1 \ e2j = i and 
(e1) 6= 
(e2):Proof. Let n � 3r � 1 and 
 2 C(r)n be a 
olouring su
h that j im(
)j � 2. First we
onsider the 
ase i = 0. Sin
e j im(
)j � 2, there are two edges e1 and e2 in K(r)nsu
h that 
(e1) 6= 
(e2). If e1 \ e2 = ; then we are done. On the other hand, ife1 \ e2 6= ; then je1 [ e2j � 2r � 1. Sin
e n � 3r � 1 there is some edge e3 2 K(r)ndisjoint from both e1 and e2 and either 
(e1) 6= 
(e3) or 
(e2) 6= 
(e3), whi
h
on
ludes the 
ase i = 0.We now pro
eed by indu
tion. Let 0 < i � r � 1 be �xed. By indu
tionassumption there are two edges e1 and e2 in K(r)n su
h that je1 \ e2j = i � 1 and
(e1) 6= 
(e2). Let v1 2 e1ne2 and v2 2 e2ne1. Clearly, j(e1\e2)[fv1; v2gj = i+1 �r. Now simply 
onsider some edge e3 2 K(r)n whi
h 
ontains (e1\ e2)[fv1; v2g andr � (i+ 1) points from [n℄ n (e1 [ e2). Then, je3 \ e1j = j(e1 \ e2) [ fv1gj = i and,similarly, je3 \ e2j = j(e1 \ e2) [ fv2gj = i. (Su
h an edge e3 exists indeed sin
e(2r � (i � 1)) + (r � (i + 1)) = 3r � 2i < 3r � 1 � n.) Clearly, 
(e3) must di�erfrom either 
(e1) or 
(e2), whi
h �nishes the proof. �4.2. Proof of Theorem 2. Re
all that all we have left to do to 
omplete the proofof Theorem 2 is to prove the lower bound (4.1).Proof of (4.1). Let H be an r-uniform hypergraph with at least two edges. Inorder to verify (4.1), we have to show that there exists some 
onstant T = T (H)su
h that for every integer n and every 
olouring 
 2 L(r)n (H; sH) (see (4.1) for thede�nition of sH) j im(
)j � T : (4.2)We distinguish two 
ases depending on the size of sH .yIn fa
t a slightly more re�ned argument shows that n � 2r+1 suÆ
es, whi
h is best possible.However, we make no e�ort to improve the 
onstant here.



ESSENTIALLY INFINITE COLOURINGS 13Case 1 (sH = 1). Here we set T = �3r�1r �. Now let n be some positive integerand let 
 2 L(r)n (H; 1) be given. Clearly, j im(
)j � T as long as n � 3r � 1. Solet n > 3r� 1 and suppose for the moment that j im(
)j � 2. Then Proposition 18implies that 
 yields an inje
tive (`; 2)-sun
ower for every ` = 0; : : : ; r � 1. Fromthe fa
t that H has at least two edges, it then follows that 
 is not (H; 1)-lo
al,i.e., 
 62 L(r)n (H; 1). Consequently, if n > 3r � 1, then j im(
)j � 1 < T . �Case 2 (sH > 1). In this 
ase the de�nition of T = T (H) is a little more 
ompli-
ated. We �rst re
ursively de�ne integers kr�1; : : : ; k0 as follows:ki =8>><>>:ekr�1�Lem:15(H)� if i = r � 1 ;maxnki+1 + r; bki�Lem:17(s = sH ; �k = ki+1)�;eki�Lem:15(H)�o if i = r � 2; : : : ; 0 ;where ekr�1, eki, and bki for i = r � 2; : : : ; 0 are given by Lemmas 15 and 17, re-spe
tively. Note that by de�nition the sequen
e k0; : : : ; kr�1 is not only monotonede
reasing, but also satis�eski+1 � ki � r for i = r � 2; : : : ; 0 : (4.3)We then de�ne the promised 
onstant T by settingT = T �Prop:13(k = k0 � 1; r)� : (4.4)Now let n be some positive integer and let 
 2 L(r)n (H; sH) be given. We �rstshow the following.Claim 19. The 
olouring 
 is (i; ki � 1)-lo
al for every i = 0; : : : ; r � 1.Proof. Assume for a 
ontradi
tion that i0 is the largest index i so that 
 is not(i; ki � 1)-lo
al. Due to the de�nition of kr�1 and the last part of Lemma 15 wehave that i0 < r � 1. Furthermore, by de�nition of i0 there exists an inje
tive(i0; ki0)-sun
ower, and as ki0 � eki0�Lem:15(H)�, we 
an apply Lemma 15. Nowpart (a ) of Lemma 15 is impossible, sin
e for any j > i0 we have kj � ki0 � r(
f. (4.3)) and thus an inje
tive (j; ki0 � r)-sun
ower would 
ontain an inje
tive(j; kj)-sun
ower, 
ontradi
ting the maximality of i0.Hen
e 
ase (b ) of Lemma 15 must o

ur. By de�nition of ki0 we have ki0 �bki0�Lem:17(s = sH ; �k = ki0+1)�. Hen
e both assumptions (i ) and (ii ) of Lemma 17are satis�ed for �k = ki0+1. Thus Lemma 17 yields an inje
tive (j; ki0+1)-sun
ower.Again, as j > i0, we have kj � ki0+1, and thus we have an inje
tive (j; kj)-sun
ower,
ontradi
ting the maximality of i0 again. This proves Claim 19. �Now Claim 19 and (4.3) assert that 
 is a (k0�1)-lo
al 
olouring and, therefore,the 
hoi
e of T in (4.4) and Proposition 13 now imply j im(
)j � T in this 
ase,Case 2. �Having veri�ed (4.1) in both 
ases, we have 
on
luded the proof of the lowerbound in Theorem 2, based on Lemmas 15 and 17. �4.3. Proofs of Lemmas 15 and 17. In this se
tion we prove Lemmas 15 and 17stated in Se
tion 4.1 and used in Se
tion 4.2.



14 BOLLOB�AS, KOHAYAKAWA, R�ODL, SCHACHT, AND TARAZ4.3.1. Proof of Lemma 15. Let H be an r-uniform hypergraph ands := sH = min0�`<r�`(H) � 2 : (4.5)Let i be a �xed integer in the interval [0; r � 1℄ and seteki = maxfs+ 1 + r + i2; 3r � 1g : (4.6)Moreover, let integers ki � eki and n and a 
olouring 
 2 L(r)n (H; s) be given.Suppose Si = (L; p1; : : : ; pki) � K(r)n is an inje
tive (i; ki)-sun
ower under 
.For the rest of the proof we assume that 
 does not 
ontain an inje
tive (j; ki�r)-sun
ower for any j > i, i.e., we assume that 
on
lusion (a ) of Lemma 15 fails andwe are going to dedu
e (b ). By the de�nition of s there exists an (i; s)-sun
owerS0 = (L0; p01; : : : ; p0s) in H , as 
laimed in (b1 ). We �rst show that there is an edgee0 2 H n S0 whi
h satis�es property (b2 ).Claim 20. There is an edge e0 2 H n S0 with ��e0 nSs�=1 p0��� � i.Proof. If i = 0, then it follows from s � 2 that H n S0 6= ; (otherwise H 
ontainsno (j; s)-sun
ower for j � 1, whi
h 
ontradi
ts the assumption s = sH � 2) and,hen
e, there is an edge e0 whi
h trivially satis�es the 
on
lusion of the 
laim.So let i > 0. By the de�nition of s there exists a mat
hing M 0 � H of size s.On average the edges of M 0 have at least1jM 0j ��� [f 02M 0 f 0 n [�2[s℄ p0���� � 1s �sr � s(r � i)� = iverti
es outside the petals of S0. Consequently, there is an edge e0 2M 0 whi
h hasat least i verti
es outside the petals of S0. If e0 62 S0 then we found our edge. If,however, e0 2 S0\M 0, then we 
an repeat the argument withM 0nfe0g and S0nfeg0.Indeed, on average the edges of M 0 n fe0g have at least1s� 1�(s� 1)r � (s� 1)(r � i)� = iverti
es outside the petals of S0 nfe0g. Hen
e, there must be an edge e00 2M 0 nfe0gwhi
h has at least i verti
es outside the petals of S0nfe0g. Moreover, sin
e e0\e00 = ;(both are edges in the mat
hing M 0) and sin
e we assumed that e0 2 S0, we havethat e00 62 S0. �Fix e0 as in Claim 20. It remains to show that e0 has non-empty interse
tionwith at least two petals of S0. Our proof is by 
ontradi
tion. So let us �rst assumethat e0 \ p0� = ; for every � 2 [s℄ : (4.7)In this 
ase, let e be an edge of K(r)n whi
h satis�es je \ Lj = je0 \ L0j. Sin
e ki �eki � s+1+r (
f. (4.6)), after removing those edges f from Si for whi
h 
(f) = 
(e)or (f n L) \ e 6= ; there must be an inje
tive (i; s)-sun
ower S�i � Si � K(r)n forwhi
h 
(e) 62 
(S�i ) and e\V (S�i ) = e\L. Consequently, e[S�i (whi
h is a 
opy ofe0[S0 � H) pi
ks up s+1 
olours, whi
h 
ontradi
ts the assumption 
 2 L(r)n (H; s).Hen
e, assumption (4.7) must fail.Next we assume that e0 interse
ts pre
isely one petal of S0. With an appropriaterelabelling we assumee0 \ p01 6= ; and e0 \ p0� = ; for every � = 2; : : : ; s : (4.8)



ESSENTIALLY INFINITE COLOURINGS 15Set iL = je0 \ L0j ; iO = je0 n V (S0)j ; and i1 = je0 \ p1j : (4.9)Note that r = iL + iO + i1 and sin
e e0 62 S0 (see Claim 20), we haveiO > 0 and, 
onsequently, iL + i1 < r : (4.10)We shall need the following 
laims to derive a 
ontradi
tion from assumption (4.8).Claim 21. For every edge e of K(r)n satisfying je \ Lj = iL and je \ p�j = i1 forsome � 2 [ki℄ we have 
(e) = 
(p� [ L).Proof. Let e and p� be as in the hypothesis of the 
laim. Sin
e ki � eki � s+1+r �s+1+ iO, there is an inje
tive (i; s� 1)-sun
ower S�i � Si satisfying the following:� S�i does not 
ontain the petal p�,� none of the petals of S�i interse
ts e, and� 
(e) 62 
(S�i ).We then observe that if 
(e) 6= 
(p�[L), then e[S�i [fL[p�gz uses s+1 
olours,whi
h 
ontradi
ts the fa
t that 
 2 L(r)n (H; s), sin
e e[S�i [fL[ p�g forms a 
opyof e0 [ S0i � H . �The simple observation in Claim 21 has the following 
orollary, Claim 22. Itasserts that iL+ iO = i and, more importantly, that any set L� of i verti
es in K(r)nis, roughly speaking, the 
ore of a `large' inje
tive sun
ower.Claim 22. We have iL + iO = i and for all sets L� � [n℄ with jL�j = i there is aninje
tive (i; s+ 1 + r)-sun
ower S�i with 
ore L�.Proof. First we show that iL + iO = i. Note thatiL + iO = i (4.9)() i1 = r � i : (4.11)Clearly, iL + iO = je0 \L0j+ je0 n V (S0)j � i sin
e by Claim 20 the edge e0 
ontainsat least i verti
es outside the petals of S0. If iL + iO > i, then �x some set Oof 
ardinality iO in [n℄ n L and some set �L of 
ardinality iL in L. Moreover, forevery � 2 [ki℄ �x i1 verti
es I� in every petal p�. Then, apply Claim 21 for everye� = O [ �L[ I� for whi
h p� \O = ;. Sin
e there are at least ki� iO � ki� r su
hpetals, the above yields an inje
tive (j; ki � r)-sun
ower Sj for j = iL + iO > i,whi
h is a 
ontradi
tion, as we assumed that (a ) does not hold. Thus we do indeedhave iL + iO = i, as 
laimed in the �rst part of Claim 22.We now fo
us on the se
ond part of the 
laim. For that let L� � [n℄ be a set ofsize i. We �x a sequen
e of sets L1; : : : ; Lb in [n℄ with b � i+ 1 so thatL1 = L ; jLaj = i ; jLa \ La+1j = iL for a = 1; : : : ; b� 1; and Lb = L� :Note that su
h a sequen
e exists sin
e iL = i� iO < i (
f. (4.10)). For 
onvenien
ewe de�ne for a = 1; : : : ; b k(a) = ki � (a� 1)iO :We now show indu
tively that for every a = 1; : : : ; b there exists an inje
tive(i; k(a))-sun
ower S(a) with 
ore La. As k(b) = ki� (b�1)iO � ki� i2 � eki� i2 �s+ 1 + r this yields Claim 22.zHere the expression \e[S�i [fL[p�g" sort of mixes the standard notation with the 
onventionof omitting f g for singletons when the meaning is 
lear.



16 BOLLOB�AS, KOHAYAKAWA, R�ODL, SCHACHT, AND TARAZSetting S(1) = Si gives the indu
tion start. So suppose there is an inje
tive(i; k(a))-sun
ower S(a) with 
ore La and petals pa1 ; : : : pak(a). Note that jLa+1nLaj =i� iL = iO. We set � = f� 2 [k(a)℄ : pa� \ La+1 = ;g. Obviously, j�j � k(a)� iO.For every � 2 � set pa+1� := pa�. It is easy to see that the pa+1� together withthe 
ore La+1 form an inje
tive (i; j�j)-sun
ower S(a + 1). Indeed, simply applyClaim 21 with L := La for every edge e := pa+1� [ La+1 and p� := pa�. This willyield that 
(pa+1� [ La+1) = 
(pa� [ La), and hen
e the inje
tivity of S(a + 1) isinherited from that of S(a), and the indu
tion step follows from the de�nition ofk(a+ 1). �Based on Claim 22 we now show that our assumption (4.8) 
ontradi
ts 
 2L(r)n (H; s), thus �nishing the proof of Lemma 15. Sin
e by (4.6)ki � 3r � 1 wehave n � 3r � 1 and j im(
)j > 1. Therefore, Proposition 18 ensures the existen
eof two edges e, f 2 K(r)n satisfying jf \ ej = iL+ i1 < r and 
(f) 6= 
(e). Let �p[ �Lbe a partition of e \ f withj�pj = i1 and j�Lj = iL :Set L� = �L [ (f n e) and note that(e [ f) n L� � e and jL�j = iL + (r � iL � i1) = r � i1 = iO + iL = i ;where we used the �rst part of Claim 22 for the last identity. We then apply these
ond part of Claim 22 with L�, whi
h yields an inje
tive (i; s+ 1 + r)-sun
owerS�i with 
ore L�. Therefore, after removing those edges of S�i whi
h have the
olour of e or f and those whi
h interse
t (e[ f) nL� there still exists an inje
tive(i; s� 1)-sun
ower S��i � S�i with 
ore L� satisfying
(S��i ) \ f
(f); 
(e)g = ; and V (S��i ) \ ((e [ f) n L�) = ; :Consequently, S��i [ f is an inje
tive (i; s)-sun
ower with 
ore L� and additionalpetal f n L� = �p. Moreover, the de�nitions of �p; �L � e \ f , L� = �L [ (f n e), andS��i imply that je \ �pj = j�pj = i1, je \ L�j = j�Lj = iL, and je n (V (S��i ) [ f)j =je n f j = r� i1� iL = iO. In other words, e[S��i [ f is isomorphi
 to e0 [S0. Sin
ej
(e [ S��i [ f)j = s + 1 this 
ontradi
ts the fa
t that 
 2 L(r)n (H; s). Therefore,assumption (4.8) 
annot hold and e0 must interse
t at least two petals of S0.As observed in Remark 16, the last assertion in Lemma 15 follows easily fromthe �rst part. Therefore, the proof of Lemma 15 is 
omplete.4.3.2. Proof of Lemma 17. Let an r-uniform hypergraph H satisfying s := sH =min0�`<s�`(H) � 2 and integers i, 0 � i � r � 2, and �k be given. We setek = max2�u�rR(u)(�k + r � 1;u) and bki = ek + r ; (4.12)where R(u)(�k+r�1;u) is the Ramsey number whi
h ensures that every u-
olouringof the 
omplete u-uniform hypergraph onR(u)(�k+r�1;u) verti
es yields a mono
hro-mati
 
opy of K(u)�k+r�1.Let H 0i = S0+e0 be a subhypergraph ofH whi
h satis�es (b1 ){(b3 ) of Lemma 15.Moreover, let 
 2 L(r)n (H; s) be an (H; s)-lo
al 
olouring of K(r)n whi
h yields aninje
tive (i; bki)-sun
ower. We have to ensure the existen
e of an inje
tive (j; �k)-sun
ower in K(r)n for some j > i.



ESSENTIALLY INFINITE COLOURINGS 17Consider �rst the sub-hypergraphH 0i = S0+e0 ofH . By property (b1 ) the hyper-graph S0 = (L0; p01; : : : ; p0s) is an (i; s)-sun
ower, with 
ore L0 and petals p01; : : : ; p0s.We setiL = je0 \ L0j ; iO = je0 n V (S0)j ; and i� = je0 \ p0�j for every � 2 [s℄ : (4.13)We may assume w.l.o.g. that i1 � � � � � iu > 0 and iu+1 = � � � = is = 0, We knowfrom (b3 ) that u � 2. Observe thatiO + iL + i1 + � � �+ iu = r (4.14)and 
learly u � r.Now we turn ba
k to K(r)n and 
. Let L be the 
ore of an inje
tive (i; bki)-sun
ower in K(r)n . First �x a set O of iO verti
es in V (K(r)n ) n L and a set �L ofiL verti
es inside the 
ore L. Sin
e iO < r (
f. (4.14)) and bki = ek + r, there stillexists an inje
tive (i; ek)-sun
ower S � K(r)n with 
ore L satisfying V (S) \ O = ;.Let p1; : : : ; pek be the petals of that sun
ower, i.e., S = (L; p1; : : : ; pek).Appealing to the fa
t that 
 2 L(r)n (H; s) and following the line of proof ofClaim 21 one 
an show the following 
laim.Claim 23. Suppose � = f�1; : : : ; �ug � [ek℄, and suppose e is an edge of K(r)nsatisfying je\Lj = iL and je\p�� j = i� for every � 2 [u℄. Then there exists �(�) 2[u℄ su
h that 
(e) = 
(p��(�) [ L). �For every � 2 [ek℄ we �x u not ne
essarily disjoint subsets B�;1; : : : ; B�;u � p� insu
h a way that jB�;� j = i� for every � 2 [u℄ and � 2 [ek℄ : (4.15)From Claim 23 we infer that for every � = f�1 < � � � < �ug � [ek℄ we have
��L [ O [ [�2[u℄B��;�� = 
(L [ p��(�) ) for some �(�) 2 [u℄ : (4.16)Note that the assertion above states that for every set � = f�1 < � � � < �ug � [ek℄there exists a �(�) determining the 
olour of �L[O[S�2[u℄B��;� . While the above�(�) depends on �, a Ramsey type argument ensures a strengthening in whi
h �(�)is independent of � � X for a suitable subset X � [ek℄. More pre
isely, we shallprove the following.Claim 24. There exist a subset X � [ek℄ with jX j = �k + u� 1 and a �0 2 [u℄ su
hthat for every f�1 < � � � < �ug � X we have
��L [ O [ [�2[u℄B��;�� = 
(L [ p��0 ) :We prove Claim 24 momentarily, but �rst we dedu
e Lemma 17 from it. LetX = fx1 < � � � < x�k+u�1g and �0 2 [u℄ be as in Claim 24. SetL� = �L [O [ �0�1[�=1 Bx�;� [ u[�=�0+1Bx�k+��1;�and p�� = Bx�0+��1;�0 for � = 1; : : : ; �k :



18 BOLLOB�AS, KOHAYAKAWA, R�ODL, SCHACHT, AND TARAZRe
all that Bx;� � px and, therefore, Bx;�\Bx0;�0 = ; whenever x 6= x0. Moreover,by (4.15) ��L��� = iL + iO + X�2[u℄nf�0g i� = r � i�0 =: jand j > i sin
e iL + iO = i, u � 2, and i� > 0 for every � 2 [u℄. Moreover, the
hoi
e of p�� and the de�nition of L� imply that jL� [ p�� j = j + i�0 = r and, hen
e,S� = (L�; p�1; : : : ; p��k)is a (j; �k)-sun
ower in K(r)n . Furthermore, it follows from Claim 24 that
(L� [ p�� ) = 
(L [ px�0+��1)for every � 2 [�k℄. Sin
e S is inje
tive by assumption this implies that S� is aninje
tive (j; �k)-sun
ower in K(r)n and the proof of Lemma 17 is 
omplete, ex
ept forthe proof of Claim 24.Proof of Claim 24. Re
all that Claim 23 guarantees for every � = f�1 < � � � <�ug � [ek℄ a �(�) 2 [u℄ su
h that
��L [ O [ [�2[u℄B��;�� = 
(L [ p��(�) ) :In other words we may view � as a u-edge 
olouring of the 
omplete u-uniformhypergraph with vertex set [ek℄. By the 
hoi
e of ek in (4.12) we infer from Ramsey'stheorem [12℄ that there exist a subset X � [ek℄ of size jX j = �k+ r� 1 and a �0 2 [u℄su
h that �(�) = �0 for every � = f�1 < � � � < �ug � X . �5. Essentially unbounded 
olouringsIn this se
tion we prove Theorem 8 (Se
tion 5.3) and Theorem 5 (Se
tion 5.4).Behind the s
ene we shall need a partite version of the 
anoni
al theorem of Erd}osand Rado, Theorem 7; see Theorem 25 below.5.1. A partite version of the Erd}os{Rado 
anoni
al theorem. For a given`-type � (see De�nition 4) we 
all a ve
tor J = (J1; : : : ; J`) of sets an �-tra
e ifJi � [�i℄ for every i 2 [`℄. Finally, we re
all that for a set (e\Wi) = fv1 < � � � < v�igand Ji = fj1; : : : ; jxg � [�i℄ we write (e \Wi)[Ji℄ to denote the set fvj1 ; : : : ; vjxgand (e \Wi)[Ji℄ = ; if and only if Ji = ;.Theorem 25. For all integers q � r � 2 and ` 2 [r℄ and every `-type � thereexists an integer n = n(q; r; `; �) so that for every 
olouring 
 2 C(r)`�n and everypartition of the vertex set into 
lasses V1; : : : ; V` of 
ardinality jVij = n ea
h, thereexists a family W1; : : : ;W` of disjoint sets Wi � Vi with jWij = q and a �-tra
eJ = J (�) = (J1; : : : ; J`), su
h that for all edges e, e0 2 (W1; : : : ;W`)h�i
(e) = 
(e0) , (e \Wi)[Ji℄ = (e0 \Wi)[Ji℄ 8i 2 [`℄ :Observe that in the 
ase ` = 1 of Theorem 25 is exa
tly Theorem 7, sin
e then� = (r) is the only 1-type and then Theorem 25 guarantees for every 
olouring 
a set W and a set J � [r℄ so that two edges e; e0 � W re
eive the same 
olour i�e[J ℄ = e0[J ℄.



ESSENTIALLY INFINITE COLOURINGS 19Proof of Theorem 25. Let integers q, r, and ` and an `-type � = (�1; : : : ; �`) begiven. We set n to be the integer n(q`; r) guaranteed by Theorem 7 applied with q �`and r. Let 
 be 
olouring K(r)`�n ! Z and let V1; : : : ; V` be an arbitrary partition ofthe vertex set of K(r)`�n.We treat the sets V1; : : : ; V` as (pairwise disjoint) 
opies of [n℄ and denote by bVanother 
opy of [n℄. Consider the natural proje
tion Si2[k℄ Vi ! bV , where all the `
opies of x 2 [n℄ in Si2[k℄ Vi are mapped onto the same x 2 bV . Restri
ting thatproje
tion to (V1; : : : ; V`)h�i gives rise to� : (V1; : : : ; V`)h�i ! � bV� r� ; (5.1)where � bV�r� is the family of all subsets of bV with 
ardinality at most r.Let us de�ne an \inverse" ��1 of � on �bVr � as follows. Lift be 2 �bVr � to the element��1(be) = e 2 (V1; : : : ; V`)h�i su
h that �(e) = be and�(e \ V1) < � � � < �(e \ V`) ;where as usual we write X < Y for two sets X , Y � [n℄ to denote maxX < minY .Based on ��1 and the given 
olouring 
, we de�ne an auxiliary 
olouring b
 : �bVr �!Z by setting for every be 2 �bVr � b
(be) := 
(��1(be)) : (5.2)Apply Theorem 7 to b
. We obtain a subset 
W � bV with j
W j = q` and a setbJ � [r℄ su
h that for all be, be0 2 �
Wr �b
(be) = b
(be0), be[ bJ ℄ = be0[ bJ ℄ : (5.3)View bJ as the 
orresponding 
hara
teristi
 ve
tor in f0; 1gr, and partition thisve
tor by letting J1 
onsist of the �rst �1 
omponents, J2 ofthe next �2 
omponents,up to J`. Finally view the sets Ji as subsets of �i and �x the promised � -tra
eJ = J (�) = (J1; : : : ; J`). We obtain the sets Wi � Vi from 
W in a similar manner:simply partition
W into ` sets 
W1; : : :
W` of the same 
ardinality q so that for everyi = 1; : : : ; `� 1 
W1 < � � � < 
W` ;and lift 
Wi to Vi in the natural way, i.e., Wi equals to the 
opy of 
Wi in Vi. Thuswe obtain Wi � Vi for all i 2 [`℄.Observe that � is inje
tive on (W1; : : : ;W`)h�i (5.4)and that, sin
e 
Wi \ 
Wj = ;, we have �(e) 2 �bVr � for every e 2 (W1; : : : ;W`)h�i.Moreover, for every e 2 (W1; : : : ;W`)h�i we have��1(�(e)) = e : (5.5)Also for every be 2 �bVr �be[ bJ ℄ = �(be \
W1)[J1℄ < � � � < (be \
W`)[J`℄� : (5.6)



20 BOLLOB�AS, KOHAYAKAWA, R�ODL, SCHACHT, AND TARAZFinally, we show that the W1; : : : ;W` together with J = (J1; : : : ; J`) satisfy the
on
lusion of Theorem 25. For all edges e, e0 2 (W1; : : : ;W`)h�i we have
(e) = 
(e0), b
(�(e)) = b
(�(e0)) by (5.5) and (5.2), �(e)[ bJ ℄ = �(e0)[ bJ ℄ by (5.3) and (5.4), 8i 2 [`℄ : (�(e) \
Wi)[Ji℄ = (�(e0) \
Wi)[Ji℄ by (5.6), 8i 2 [`℄ : (e \Wi)[Ji℄ = (e0 \Wi)[Ji℄ by 
hoi
e of Wi.�5.2. Further auxiliary lemmas. Besides Theorem 25 from the last se
tion, weneed a few te
ni
al lemmas for the proof of Theorem 8. We start with an auxiliaryresult relating (r � 1; k)-lo
al 
olourings (see De�nition 12) and ("; T )-bounded
olourings (see De�nition 3). Roughly speaking, Lemma 26 asserts that unbounded
olourings are not lo
al.Lemma 26. For all integers r � 2 and k � 1 and every " > 0 there exists aninteger T = T (r; k; ") su
h that for every n 2 N, every (r � 1; k)-lo
al 
olouring
 2 C(r)n is ("; T )-bounded.Proof. Roughly speaking, this proof resembles the beginning of the proof of Theo-rem 10. Let r � 2, k � 1, and " > 0 be given and setT = ��krr" �r�+ 1 :Assume for a 
ontradi
tion that for some n 2 N there exists an (r � 1; k)-lo
al
olouring 
 2 C(r)n whi
h is not ("; T )-bounded. Denote by 
i the number of edgesof 
olour i. After renumbering we may assume that 
i = 0 for every i � 0 and
i � 
i+1 for every i � 1. Moreover,Xi>T 
i > "�nr� ; (5.7)sin
e otherwise 
 would be ("; T )-bounded.As there are 
i edges of 
olour i, by the Kruskal{Katona theorem [8, 10℄ thereare at least 
(r�1)=ri sets L 2 � [n℄r�1� seeing 
olour i, i.e., ea
h su
h L is 
ontained insome edge of 
olour i. On the other hand, sin
e 
 is (r � 1; k)-lo
al, ea
h su
h setL sees at most k di�erent 
olours, and so 
ombining these two arguments we havethatXi�1 
1�1=ri � XL2( [n℄r�1)#f di�erent 
olours seen by L g � k� nr � 1� � knr�1: (5.8)Furthermore, for every i > T we have
i � 
T � 1T Xj2[T ℄ 
j � 1T �nr� � nrT : (5.9)Combining (5.7), (5.8), and (5.9), we obtain"�nr� (5.7)� Xi>T 
i =Xi>T 
1=ri 
1�1=ri (5.9)� nrpT Xi>T 
1�1=ri (5.8)� knrrpT � krrrpT �nr� ;



ESSENTIALLY INFINITE COLOURINGS 21whi
h 
ontradi
ts the 
hoi
e of T . �Suppose 
 2 C(r)n and L 2 � [n℄r�1�. Let CL;i be the set of those verti
es v 2 [n℄ nLfor whi
h 
(L [ fvg) = i. Again we may assume (after renumbering if ne
essary)that CL;i = ; for i � 0 and i � n+ 1 and jCL;ij � jCL;i+1j for every i � 1. For agiven integer k � 1 and � > 0 we 
all L (k; �; 
)-good, ifXi>k jCL;ij � �n; (5.10)and (k; �; 
)-bad otherwise. In other words, a set L is good if its \smaller 
olour
lasses" CL;i (i > k) add up a positive fra
tion. We �rst show (see Proposition 27)that, in this 
ase [n℄nL 
an be partitioned into 
lasses of sensible sizes with disjoint
olour ranges. Then we prove (see Lemma 28) that every unbounded 
olouringmust 
ontain many good sets L.Proposition 27. For all integers r � 2 and k � 1, every � > 0 and every 
olouring
 2 C(r)n the following holds. If L 2 � [n℄r�1� is (k; �; 
)-good, then [n℄ n L 
an bepartitioned into 
lasses U1; : : : ; Uk su
h that(i ) jUij � �n=(2k) and(ii ) for all 1 � i < j � k and all x 2 Ui and y 2 Uj we have 
(L [ fxg) 6=
(L [ fyg).Proof. Let 
onstants r � 2, k � 1, � > 0, a 
olouring 
 2 C(r)n and a (k; �; 
)-goodset L 2 � [n℄r�1� be given. Moreover, let CL;i be de�ned as before.First note that if jCL;kj � �n=(2k) then we are done by settingUi = (CL;i if i = 1; : : : ; k � 1;Sj�k CL;j if i = k :Therefore, assume that jCL;kj < �n=(2k). Let fX1; : : : ; Xkg be a partition offk + 1; : : : ; ng su
h thatM := max1�i<j�k ���� Xx2Xi jCL;xj � Xy2Xj jCL;yj����is minimized. Note that, jCL;xj � jCL;kj < �n=(2k) for any x > k, we haveM � �n2k : (5.11)Assume for a 
onradi
tion that jPx2Xi0 jCL;xj < �n=(2k) for some i0 2 [k℄.Then (5.11) would imply thatXx2Xi jCL;xj < j Xx2Xi0 jCL;xj+ �n2k � �nkfor every i 2 [k℄, and, 
onsequently,Xi>k jCL;ij < �n2k + (k � 1)�nk < �n ;whi
h 
ontradi
ts the fa
t that L is (k; �; 
)-good. Hen
e,Px2Xi jCL;xj � �n=(2k)for every i 2 k and setting for every i 2 [k℄Ui = [x2Xi CL;x [ CL;i



22 BOLLOB�AS, KOHAYAKAWA, R�ODL, SCHACHT, AND TARAZsatis�es (i ) and (ii ). �Lemma 28. For all integers r � 2 and k � 1, and every " > 0 there exists aninteger T = T (r; k; ") and a real � = �(r; k; ") > 0 su
h that for every n 2 N andevery 
olouring 
 2 C(r)n whi
h is not ("; T )-bounded, there are more than "3rr � nr�1�sets in � [n℄r�1�, whi
h are (k; �; 
)-good.Proof. Let r � 2, k � 1, and " > 0 be given. Set T = T (r; k + 1; "=3) as givenby Lemma 26 and set � = "=(3rr). Assume for a 
ontradi
tion that for some not("; T )-bounded 
olouring 
 2 C(r)n there are at most ("=(3rr))� nr�1� sets L 2 � [n℄r�1�whi
h are (k; �; 
)-good.For simpli
ity we assume that im(
) � N and for every L 2 � [n℄r�1� let � =�L : N ! N be a bije
tion for whi
h jCL;�(1)j � jCL;�(2)j : : : , where as above,CL;�(i) = fv 2 [n℄ n L : 
(L [ fvg) = �(i)g. This way for every (k; �; 
)-bad setL 2 � [n℄r�1� we have Xi>k jCL;�(i)j < �n = "3rr n : (5.12)We de�ne an auxiliary 
olouring �
 by setting for every e 2 K(r)n�
(e) =8>>><>>>:0 8><>:if e 
ontains a (k; �; 
)-good set orif 
(e) = �L(i) for some i > kand some (k; �; 
)-bad set L 2 � er�1�,
(e) otherwise :Sin
e by assumption there are at most ("=(3rr))� nr�1� di�erent (k; �; 
)-good setsand sin
e (5.12) holds, we have���
�1(0)�� � "3rr� nr � 1�� n+ �n�� nr � 1� � 2"nr3rr � 2"3 �nr� :Thus in total we re
oloured at most (2=3)"�nr� edges in �
. On the other hand,by de�nition the 
olouring �
 is (r � 1; k + 1)-lo
al and, hen
e, by Lemma 26 itis ("=3; T )-lo
al. But this implies that the original 
olouring 
 must be ("; T )-bounded (as it di�ers from �
 on at most (2=3)"�nr� edges), whi
h 
ontradi
ts ourassumption. �5.3. Proof of Theorem 8. In this se
tion we prove Theorem 8. However, weshall �rst prove a slightly weaker result, namely, Lemma 30 below. For the proofof this lemma, we need the following well known result of Erd}os, whi
h says thatevery suÆ
iently large and dense r-uniform hypergraph 
ontains every r-partite r-uniform hypergraph of �xed order. We denote by K(r)(k; r) the 
omplete r-partiter-uniform hypergraph with vertex 
lasses of size k.Theorem 29 (Erd}os [3℄). For all integers r � 2 and k � 1 and every Æ > 0 there issome n0 = n0(r; k; Æ) su
h that every r-uniform hypergraph G on jV (G)j = n � n0verti
es with at least Æ�nr� edges, 
ontains a 
opy of K(r)(k; r). �We now state and prove Lemma 30, whi
h deals with edges of the unique, non-degenerate r-type 1r = (1; : : : ; 1) and proves the �rst part of Theorem 8.



ESSENTIALLY INFINITE COLOURINGS 23Lemma 30. For all integers q � r � 2 and every " > 0, there exist integersT = T (r; q; ") and n0 = n0(r; q; ") so that for every n � n0 and every 
olouring
 2 C(r)n whi
h is not ("; T )-bounded the following holds. There exists a familyV = fV1; : : : ; Vrg of mutually disjoint sets, ea
h of 
ardinality q, su
h that with� = (1; : : : ; 1) 2 Nr for all edges e, e0 2 (V1; : : : ; Vr)h�i
(e) = 
(e0) ) e \ V1 = e0 \ V1 :Proof. Let q � r � 2 and " > 0 be given. Fix an integer k suÆ
iently large so thatkqr�1 < �kq�r : (5.13)We set the promised 
onstant T to T (r; k; ") given by Lemma 28. Moreover, let� = �(r; k; ") be given by Lemma 28. We �x auxiliary 
onstants s and Æ by lettings = � "3rr� nr � 1�� and Æ = "3rr � �2k�k : (5.14)Finally, we set n0 to n0(r � 1; k; Æ) given by Theorem 29.After we �xed the promised 
onstants T and n0, let 
 2 C(r)n for n � n0 be anot ("; T )-bounded 
olouring. Due to the 
hoi
e of the 
onstants above, Lemma 28implies that there exist at least s sets L1; : : : ; Ls 2 � nr�1�, whi
h are (k; �; 
)-good.For ea
h su
h L� , � 2 [s℄, we are guaranteed by Proposition 27 to have a partitionfU�1 ; : : : ; U�k g of [n℄ n L� satisfying properties (i ) and (ii ) of Proposition 27. Inparti
ular, property (ii ) implies that for any set P = fp�1 ; : : : ; p�kg 2 U�1 � � � � �U�kthe (r � 1; k)-sun
ower S�P = (L� ; p�1 ; : : : ; p�k) is an inje
tive sun
ower. Sin
e byproperty (i ) the sets jU�i j � �n=(2k) for every � 2 [s℄ and i 2 [k℄, we thus obtains� ��n2k �k (5.14)� Ænk� nr � 1�distin
t, inje
tive (r � 1; k)-sun
owers. As there are less than nk ways to 
hoose kpetals, there must be a set W1 = fp1; : : : ; pkg 2 �[n℄k � with more than Æ� nr�1�su
h inje
tive (r � 1; k)-sun
owers using p1; : : : ; pk, the elements of W1, for the kpetals. The kernels of those sun
owers give rise to an auxiliary (r � 1)-uniformhypergraph G on the vertex set [n℄ with Æ� nr�1� edges. By the 
hoi
e of n0 andn � n0 appealing to Theorem 29, we infer that G 
ontains a 
opy of the 
omplete(r � 1)-partite hypergraph K(r�1)(k; r � 1). Let W2; : : : ;Wr � [n℄ be the vertex
lasses of 
ardinality k of that 
opy of K(r�1)(k; r � 1). Re
alling that the edgesof G are a
tually kernels of (r � 1; k)-sun
owers with the k petals 
oming fromW1 = fp1; : : : ; pkg implies that W1 \ Wi = ; for every i = 2; : : : ; r and, hen
e,W1; : : : ;Wr is a family of mutually disjoint sets of 
ardinality k. Moreover, forevery L 2 W2 � � � � �Wr the (r � 1; k)-sun
ower S = (L; p1; : : : ; pk) is inje
tive,thus for all x, x0 2W1 with x 6= x0 we have
(L [ fxg) 6= 
(L [ fx0g) : (5.15)Our aim is to �nd sets Vi 2 �Wiq � for all i 2 [r℄ su
h that for all not ne
essarilydisjoint L, L0 2 V2 � � � � � Vr and all distin
t x 6= x0 2W1 we have
(L [ fxg) 6= 
(L0 [ fx0g) : (5.16)



24 BOLLOB�AS, KOHAYAKAWA, R�ODL, SCHACHT, AND TARAZFor that we 
all a family V = fV1; : : : ; Vrg of sets Vi 2 �Wiq � faulty if the above
ondition is not satis�ed. We 
ount all faulty families. By de�nition, every faultyfamily 
ontains two sets L, L0 2 V2 � : : : Vr and two points x, x0 2 V1 so that
(L [ fxg) = 
(L0 [ fx0g). There are at most kjL[L0j+1 ways to 
hoose L, L0 andx. On
e these are given, there is only one 
hoi
e for x0, be
ause if there were twodistin
t 
hoi
es, say x0 and x00, then 
(L [ fxg) = 
(L0 [ fx0g) and 
(L [ fxg) =
(L0[fx00g) would imply 
(L0 [fx0g) = 
(L0 [fx00g), whi
h 
ontradi
ts (5.15). Soour 
hoi
e of x0 is for
ed. Now the remaining points in the family 
an be 
hosenarbitrarily, and there are at most kq�2 ways to 
omplete V1 and k(r�1)q�jL[L0j waysto 
omplete V2; : : : ; Vr. But sin
ekjL[L0j+1 � kq�2 � k(r�1)q�jL[L0j = kqr�1 (5.13)< �kq�r;thers is at least one family V = fV1; : : : ; Vrg, with Vi 2 �Wiq � for i 2 [r℄, whi
h isnot faulty, i.e., it satis�es (5.16). �We are �nally able to give the proof of Theorem 8, whi
h is based on Lemma 30and Theorem 25.Proof of Theorem 8. Let q � r � 2 and " > 0 be given. First we de�ne the
onstants T and n0. For that let �(1); : : : ; �(�) be any list of all non-degeneratetypes (for r) in whi
h ea
h `-type (` 2 [r℄) appears �r̀� times. It will be 
onvenientto assume that �(�) = (1; : : : ; 1) is the single 
opy of the unique non-degenerater-type. Furthermore, let `(i) 2 [r℄ be so that �(i) is an `(i)-type, i.e., let `(i) denotethe dimension of the ve
tor �(i). Finally, let �(i) = f�1(i) < � � � < �`(i)(i)g � [r℄be an ordered subset of `(i) indi
es in [r℄ so that every two 
opies �(i1) and �(i2)of the same type get di�erent sets, i.e., �(i1) 6= �(i2).We de�ne the following sequen
e of integers q(�) � � � � � q(1) re
ursively bysettingq(i) = (q + � if i = �;n�Thm:25�q(i+ 1); r; `(i); �(i)�� if i = � � 1; : : : ; 1; (5.17)where n(q; r; `; �) is given by Theorem 25. Finally, we �x the promised 
onstantsT and n0 by appealing to Lemma 30 with q(1) and ". In fa
t, we setT = T �Lem:30(q(1); ")� and n0 = n0�Lem:30(q(1); ")� : (5.18)Having de�ned the 
onstants T and n0, we let 
 2 C(r)n , for some n � n0, be a not("; T )-bounded 
olouring.Clearly, by our 
hoi
e of T and n0 in (5.18) we 
an apply Lemma 30. Conse-quently, there exists a family V(1) = fV1(1); : : : ; Vr(1)g of mutually disjoint sets,with jV1(1)j = � � � = jVr(1)j = q(1) ; (5.19)so that for all edges e, e0 2 (V1(1); : : : ; Vr(1))h�(�)i
(e) = 
(e0) ) e \ V1(1) = e0 \ V1(1) : (5.20)Noti
e that this would already prove the �rst assertion of the theorem by 
hoosing` = r and � = �(�) = (1; : : : ; 1) 2 Nr . However, at this point we 
annot guaranteethat all edges of degenerate r-type re
eive a 
olour di�erent from the ones used sofar, whi
h we need for the moreover-part of Theorem 8. The idea to �nd the right



ESSENTIALLY INFINITE COLOURINGS 25value for ` is, roughly spoken, to go down with ` = r; r� 1; : : : and stop just beforeall Jj(i) = ;.Next we apply Theorem 25 for 
onsequtively for i = 1; : : : ; � � 1 to obtain afamily V(i + 1) = fV1(i + 1); : : : ; Vr(i + 1)g, ea
h of 
ardinality at least q(i + 1)and V (i + 1) � V (i). More pre
isely, given a family V(i) = fV1(i); : : : ; Vr(i)g ofmutually disjoint sets, ea
h of size q(i), whi
h exist for i = 1 due to (5.19), we applyTheorem 25 with q(i + 1), r, `(i), and �(i) to the family of sets fVj : j 2 �(i)gand 
 restri
ted to the union of those sets. Theorem 25 then gives rise to subsetsWj(i) � Vj(i) for j 2 �(i) = f�1(i) < � � � < �`(i)(i) and a �(i)-tra
e J (�(i)) =(J1(i); : : : ; J`(i)(i)), so that for all edges e, e0 2 (W�1(i)(i); : : : ;W�`(i) (i))h�(i)i
(e) = 
(e0) , (e \Wj(i))[Jj ℄ = (e0 \Wj(i))[Jj ℄ 8j 2 [`(i)℄ : (5.21)We 
on
lude the indu
tive de�nition of V(i) by settingVj(i+ 1) = (Wj(i) if j 2 �(i);Vj(i) if j 62 �(i):We 
all a �(i)-tra
e J (�(i)) = (J1(i); : : : ; J`(i)(i)) mono
hromati
, if Jj(i) = ;for every j 2 [`(i)℄, as in this 
ase all e 2 (W�1(i)(i); : : : ;W�`(i) (i))h�(i)i re
eivethe same 
olour. Fixing the (�(�) = (1; : : : ; 1))-tra
e J (�(�)) = (f1g; : : : ; f1g), wehave, in view of (5.20), a non-mono
hromati
 tra
e for the unique non-degenerater-type. Therefore, there exists a minimum integer `0 2 [r℄ for whi
h there exists an`0-type, say �(i0) with 
orressponding index set �(i0) , with a non-mono
hromati
tra
e J (�(i0)).From the 
hoi
e of `0 it follows that if �(i) ( �(i0), then J (�(i)) is mono
hro-mati
. In parti
ular, there exists a relabelling U1; : : : ; U`0 of the sets Wj(i0) =Vj(i0 + 1) for j 2 �(i0) su
h that for every degenerate `0-type � the 
olouring 
 ismono
hromati
 on (U1; : : : ; U`0)h�i and if U1 = Wj(i0) then Jj(i0) 6= ;, whi
h ispossible sin
e J (�(i0)) is non-mono
hromati
. Let �� = (��1 ; : : : ; � �̀0) be the ve
-tor whi
h we obtain from �(i0) = (�1(i0); : : : ; �`0(i0)) after reshu�eling the entries
orresponding to the relabelling above, i.e., if U�j = W�j (i0)(i0), then ��j = �j(i0).Similarly, let J (��) = (J�1 ; : : : ; J �̀0) be the 
oresponding reshu�eling of J (�(i0)),where J�1 6= ;. Therefore, from (5.21) we infer the �rst part of Theorem 8, i.e, forall edges e, e0 2 (U1; : : : ; U`0)h��i
(e) = 
(e0) ) (e \ U1)[J�1 ℄ = (e0 \ U1)[J�1 ℄ :Moreover, due to the 
hoi
e of the integers q(i) in (5.17), we have jUj j � q(i0+1) �q + � for all j 2 [`0℄. Sin
e there are less than � 
olours used by degenerate `0-types, the deletion of at most � many verti
es from ea
h Uj will produ
e the �nalfamilyW . �5.4. Proof of Theorem 5. In this se
tion, we dedu
e Theorem 5 from Theorem 8.Proof of Theorem 5. Let H be an r-uniform hypergraph with at least two edgesand vH verti
es and setk := �(H) = min�2T (r)j12[�1℄maxn���(r)�;j1;r�vH (H0)�� : H0 � K(r)r�vHo : (5.22)In (5.22) above as well as later in this proof, H0 denotes a 
opy of H in some \largeenough" 
omplete hypergraph. We have to show that k � 2 � EssFin(H) < k. We



26 BOLLOB�AS, KOHAYAKAWA, R�ODL, SCHACHT, AND TARAZ�rst prove the upper bound. For that it suÆ
es to give an example of a family of(H; k)-lo
al 
olourings, that are not ("; T )-bounded for a given " > 0 and every T .For that we note that for �xed " < r!=rr and given T the 
olouring �(r)�;j1;n isnot ("; T )-bounded for any � 2 T (r), j1 2 [�1℄, and n = n("; T ) suÆ
iently large.Moreover, by de�nition of k in (5.22) there is some �0 2 T (r) and some j1 2 [�1℄su
h that �(r)�0;j1;n is (H; k)-lo
al and, hen
e,EssFin(H) < k : (5.23)We prove the lower bound by 
ontradi
tion. So assume EssFin(H) < k � 2,i.e., there is an " > 0 su
h that for every T there exist an n and a 
olouring
 2 L(r)n (H; k � 2) that is not ("; T )-bounded. Let su
h an " > 0 be given. Forq = vH , r, and " Theorem 8 yields T and n0. Now suppose for some n � n0there exist some 
 2 L(r)n (H; k � 2) � C(r)n whi
h is not ("; T )-bounded. Then byTheorem 8 there exist an integer `0 2 [r℄, a non-degenerate `0-type � = (�1; : : : ; �`0),a set ; 6= J1 � [�1℄, and a family W = fW1; : : : ;W`0g of mutually disjoint sets of
ardinality q su
h that for all edges e, e0 2 (W1; : : : ;W`0)h�i
(e) = 
(e0) ) (e \W1)[J1℄ = (e0 \W1)[J1℄ : (5.24)Consequently, for j1 = minJ1 we havemaxH0�K(r)n ��
(H0)�� � max���
(H0)�� : H0 indu
ed on [i2[`0℄Wi�(5.24)� �1 + maxH0�K(r)`0�q ���(r)�;j1;`0�q(H0)�� : (5.25)Note that the \�1" is needed, be
ause H0 may 
ontain edges of a non-degenerate`0-type � 0 6= � . Theorem 8 gives us no 
ontrol over the 
olour of those edges, but�(r)�;j1;`0�q(H0) insists on a 
olour di�erent from those used for the edges of type � .However, if r = 2, then there exist only one non-degenerate 1-type (� = (2)) andonly one non-degenerate 2-type (� = (1; 1)). Hen
e, for r = 2 we infermaxH0�K(2)n ��
(H0)�� � maxH0�K(2)`0�q ���(2)�;j1;`0�q(H0)�� : (5.26)Moreover, sin
e � 2 T (r) and q � vH , we infer from (5.25) thatmaxH0�K(r)n ��
(H0)�� � �1 + min�2T (r)j12[�1℄ maxH0�K(r)r�vH ���(r)�;j1;r�vH (H0)�� :But by de�nition of k in (5.22) this 
ontradi
ts 
 2 L(r)n (H; k�2). Hen
e EssFin(H) �k � 2 and (2.7) follows from (5.23) and (5.22).The moreover-part of Theorem 5 for r = 2 follows in the same way. Colourings�(2)(2);1;n and �(2)(2);2;n are equivalent in the sense thatmaxH0�K(2)n ���(2)(2);1;n(H0)�� = maxH0�K(2)n ���(2)(2);2;n(H0)��for every integer n. Re
alling, that 
min;n = �(2)(2);1;n and 
bip;n = �(2)(1;1);1;n we inferfrom (5.23) and (5.22) thatEssFin(H) � �1 +minnmaxH0 j
min;2vH (H0)j ; maxH0 j
bip;2vH (H0)jo = k � 1 ;



ESSENTIALLY INFINITE COLOURINGS 27where the H0 range over all 
opies of H in K(2)n . Similarly, repeating the analysisas in the proof of EssFin(H) � k � 2 for general r above, but using (5.26) insteadof (5.25), we infer EssFin(H) � k � 1 for r = 2. �
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