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Chapter 1

Introduction

1.1 Overview

In 1837, Darwin published a rst sketch of an evolutionary tee, see Fig. 1.1. This
new idea that all species evolved over time was under a lot akdussion and not
until the early 20th century was evolution generally accegtd by the scientic
community. Since then, much research went into the eld of elution. With the
help of fossils, and by comparing the anatomy as well as theaggaphic occurrence
of species, complex evolutionary trees have been created.

In an evolutionary tree, each leaf represents an existing egies and all the in-
terior vertices represent the ancestors. The edges of thedé show the relationships
between the species.

The rst step to modern evolutionary research was the discavy of the double
helix structure of DNA (deoxyribonucleic acid) by Watson ad Crick in 1953.
The genetic code is a long chain of bases (Adenine, CytosiGyanine, Thymine)
and triplets of these bases encode the 20 amino acids. A bagkb of sugars and
phosphates holds the bases together, see Fig. 1.2. The amaids in a cell form

B
D C

A

Figure 1.1: Darwin's rst diagram of an evolutionary tree fom his "First Notebook
on Transmutation of Species' (1837).
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Figure 1.2: The DNA - a double helix

proteins according to the DNA code. From a chemical point ofiew, life is nothing
else than the functioning of proteins. Since the DNA determes which proteins
are built, a living organism can chemically be described bysi DNA, the genetic
information [17].

Each cell of an organism has an identical copy of the DNA. In karyotes, the
DNA is found in a cell nucleus whereas in prokaryotes (archa@nd bacteria), the
DNA is not separated from the rest of the cell.

During reproduction, the DNA is transmitted to the o spring, so parents and
children are similar in many ways (e.g. hair color, blood gup, disease suscepti-
bility).

It was not until 2003 that the complete human DNA code was degbed.
Currently, the complete DNA sequence of several di erent gies is known (358
bacteria, 27 archae, 95 eukaryotes, see http://www.ncbiin.gov/). By aligning
the DNA of di erent species, the similarities and di erenca of the DNA allow us
to reconstruct lineages with more accuracy than before; f@an example see Fig.
1.3.

It is noticeable that the same four DNA bases and the 20 aminccigs are
found in all organisms. This is strong evidence for having encommon ancestor
to all the species.

Evolutionary trees are also called “phylogenetic treesf 4ll the species in the
tree have a common ancestor, we call the tree a ‘rooted trele common ancestor
is called the “root'.

| take a closer look at rooted phylogenetic trees. The shapéd the tree is
determined by how speciation occurred. But since speciatias not understood
well and is dependent on historical events which we might new be able to
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Figure 1.3: lllustration of the tree of life by Carl R. Woese. The-
re are three main branches, the bacteria, archaea and eucarysource
http://www.life.uiuc.edu/micro/faculty/faculty =~ woese.htm.

reconstruct, a stochastic model for speciation is needed.investigate the Yule
model and the uniform model, two very common models.

In my thesis, | develop the theory with a view to the followingapplications in
biology.

Rutger Vos and Arne Mooers from the Simon Fraser UniversityMancouver)
recently constructed a supertree for the primates (i.e. lamns, monkeys, apes and
humans) as shown in Appendix C.

In Section 2.2.1, we will see that the primate tree is much merlikely to have
evolved under the Yule than under the uniform model.

With the supertree method, the shape of the primate tree codlbe determi-
ned, but there was no information about the edge lengths, i.¢he time between
speciation events. In [16], edge lengths were estimated bgnslations, assuming
the (supen)tree evolved under the Yule model. The authors noluded by asking
for an analytical approach which | develop in Chapter 4.

Craig Moritz (UC Berkeley) and Andrew Hugall (University of Adelaide) wor-
ked with an evolutionary tree which had edge lengths assigheThe leaves were
di erent types of snails. The snails either live in open forg or rain forest. Moritz
and Hugall asked (pers. comm.) if the rate of speciation forpen forest snails
di ers from the rate of speciation for rain forest snails. Tl rate of speciation is
a measure of how fast a class of species produces splits in ¢kielutionary tree.
Chapter 5 provides a linear algorithm for solving that prok#m.
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1.2 Short guide to the thesis

In Chapter 2, two important stochastic models for binary phjogenetic trees are
introduced - the uniform and the Yule model. Those two modelsre discussed and
the Kullbach-Liebler-distance between them is calculatedrhe Kullbach-Liebler-
distance turns out to be very useful in deciding whether a gan tree evolved under
the Yule or the uniform model.

Chapter 3 formulates a test statistic for that decision prolem, the log-
likelihood-ratio test. Instead of estimating the power of lhe test by simulations,
we provide an analytic bound for the power by introducing a nréingale process
on trees and applying the Azuma inequality.

The algorithms in Chapter 4 work in particular for trees undethe Yule model.
In order to verify that a tree evolved under Yule, the test preided in Chapter 3
can be applied before running the algorithms.

After having established all the necessary stochastic bapiound, Chapter 4
provides a quadratic algorithm for calculating the probabity distribution of the
rank for a given interior vertex in a phylogenetic tree. The lgorithm is called
RankProb and we assume that every rank function on a given tree is eqlyali-
kely. That is in particular the case for the Yule model. The aorithm RankProb
is extended to non-binary trees as well, again we assume tleatery rank function
is equally likely. We call that algorithm RankProbGen . Calculating the proba-
bility of having an interior vertex u earlier in the tree than an interior vertexv
is calculated with the algorithm Compare in quadratic time. We coded up the
algorithms RankProb and Compare in Python, see Appendix B. The chapter
concludes with an analytical approach of estimating edgengths in a given tree
under the Yule model. This approach makes use of the algonthRankProb

Chapter 5 looks at the rate of speciation. Given is a phylogetic tree with the
leaves being divided into two classes and . The edge lengths shall represent
the time between two events. We provide a linear algorithm fothe expected
time a species of class exists until it speciates and two new species evolve. The
average edge length is an estimate for the inverse of the raté speciation. An
example for the classes and could be rain forest snails and open forest snails.

After introducing the stochastic models in Chapter 2, the mmaining results
in that Chapter are new. The results in Chapter 3, 4 and 5 are me unless
otherwise stated. Improvements on the algorithms in Chapted and coding them
up in Python was joint work with Daniel Ford. Chapter 4 was thetopic of my
talk at the New Zealand Phylogenetics Conference in Kaikoarin February 2006
(http://www.math.canterbury.ac.nz/bio/kaikouraQ6/).

The rest of this Chapter introduces the basic de nitions fran graph theory and
phylogenetics needed for the thesis. Further, some basisués for phylogenetic
trees are stated.
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Figure 1.4: A rooted binary tree

1.3 Graphs and Trees

De nition 1.3.1. A graph Gis an ordered pair ¥/; E) consisting of a non-empty
setV of vertices and a multiset E of edgeseach of which is an element df x;yg:

X;y 2 Vg. The degree (v) of a vertexv 2 V is the number of edges irG that

are incident with v. A path p in G from vertex x 2 V to vertex y 2 V is a
sequence = (Vi)i=1:n, Vi 2 V, such thatx = vy, y = vy, and fv;;vi,1g 2 E for

i=1;:::n 1. A graph G is connectedprecisely if there exists a path fronx to

y for all x;y 2 V. A cyclein a graph is a pathp = (Vi)i=1...n. With v = v,. The

graph G°= (V% E9 is asubgraphof Gif V° V andE° E.

De nition 1.3.2. A tree T = (V;E) is a connected graph with no cycles. A
connected subgraph of is asubtreeof T. A rooted treeis a tree that has exactly
one distinguished vertex called theoot which we denote by the letter . A vertex
v2V with (v) 1is called aleaf . The set of all leaves ofl is denoted byL.
A vertex which is not a leaf is called arinterior vertex . Let V denote the set of
all interior vertices of T. A binary tree is a tree with (v) =3 forall v2 V. A
rooted binary tree is a rooted tree with (v) =3 forall v2V n and () =2.
Let VO V. The subtreeT®= Tjyo is the minimal (w.r.t. the number of vertices)
connected subgraph off containing V% An edge which is incident with a leaf
is called apendant edge. A non-pendant edge is called ainterior edge. Two
distinct leaves of a tree form acherry if they are adjacent to a common ancestor.
Letv2 Vn with (v)=2.The vertex vissuppressedn T if we deletev with its
two incident edgese; = (vi;V); & = (Vv;V,) and then add a new edge = (vi; Vo).
For an example of a tree see Fig. 1.4.

De nition 1.3.3. Let T = (V;E) be a rooted tree with leaf sel.  V and for
alv2Vvn is (v) 82 Let X be anon-empty nite set with jXj = jLj. Let
: X I L be a bijection. ThenT = (T; ) is called aphylogenetic(X ) tree
with labeling function : X is called thelabel set.A phylogenetic tree is also
called alabeled tree A tree shapeis a phylogenetic tree without the labeling.

Remark 1.3.4. In the following, for a phylogenetic tre€rl , we sometimes writeE
instead ofE, Vr instead ofV, V; instead ofV and L+ instead ofL. This notation
clari es to which tree the sets refer whenever we talk aboutseral di erent trees.
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the subtreeT°= T jitpiij g

De nition 1.3.5. Let T be arooted tree. A partial order 1 on V is obtained by
settingvy 1 V2 (v1; Vo 2 V) precisely if the path from the root to v, includesv;.
If vi 1 Vo, we sayv, is adescendantof v; and v, is anancestorofv,. If vi 1 v,
and there is novz 2 V with vi 1 v3 1 Vo, We sayV, is adirect descendantof
v, and v, is adirect ancestor of v,. The number of direct descendantsf v is d(v).
When we talk about a phylogenetic tree, we often write t instead of 1.

De nition 1.3.6. Let T = (T; ) be a phylogeneticX -tree. Let X° X. The
phylogenetic subtreeT°= Tjxo = (T% 9 is a phylogenetic tree wherel ®is the
tree Tj (xo with all degree-two vertices suppressed (except for the rpoThe
labeling function is °= jxo. The root of T %is the vertex °which is minimal in
the tree T° under the partial order 1 (see Fig. 1.5). LetT°be a subtree ofT .
Denote the subtre€T j_, o, by T n TS

Let v2 V and let X, be the label set of all the leaves iT which are descen-
dants of v. The subtreeT, is induced by vif T, = Tjx,. A binary phylogenetic
tree is balancedif the two subtrees induced by the two direct descendants ohé¢
root have the same shape. Otherwise, the tree isbalanced

De nition 1.3.7. Let T be a rooted phylogenetic tree. Let the functiom be a
bijection from the set of interior verticesV of T into f1;2;:::;jV]jg that satis es
the following property:

if vi 1 Vo thenr(vy) r(v)

(T;r) is called aphylogenetic ranked tre¢see Fig. 1.6). The functiorr is called a
rank function for T. A vertex v with r(v) = i is said to be in thei th position of

T or v has ranki. We write rt instead ofr when it is not clear from the context
to which tree the rank functionr refers. Note thatr induces a linear order on the
setV. We de ne the setr(T) as

r(T)= fr: ris arank function onT g

The following Lemma has been shown in [14] using poset theoWe will give
an elementary proof using induction.
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Lemma 1.3.8. Let T be a rooted phylogenetic tree. For each2 V, let , denote
the number of elements of that are descendants of. Then the number of rank

functions for T is
. ) Vil
jrmyj = ¥ (1.1)

v
v2V

Note that a vertexv is a descendant of itself by de nition, so , also counts the
vertexv.

Proof. This proof is done by induction over the numben of interior vertices of a
tree. Forn = 1, there is only one rank function, the only interior vertexhas rank

1, which equals to—'— = ¥ =1, Suppose that (1.1) is true for all trees with
vav Vv
n <k interior vertices. Let T be a tree withk interior vertices. The degree of root

induced by the direct descendants of, and with jV4,j < k. Each subtreeT; has
Vill i erent rank functions by the induction assumption. Countng all the

v2V-|—i v
rank functions onT is equivalent to counting the rank functions on each subtree
T, and then combining the positions of the vertices of all thd; to get a linear
order on Vr, by preserving the order of the vertices of each,. For a given rank

( ijVTij)!

function on eachT;, we can order all the interior vertices inw di erent
i T
ways where the order within each; is preserved. Multiplying by all the possible
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rank functions for eachT,; yields to

X |
jVr.j ! !
. . |=1J TlJ Y . .
irfMi = g jr(Tii
jVTij! =1
i=1 '
xn ' |
iVr.j ! !
|:lJ TIJ Y jVT‘j!
= ¥ Q—'
jvpjtooiEe vEvn Y
i=1 |
X o 1
= vij ! Q——
i=1 =1 v2vy Vv
_ (i 1t
\Y
V2Vt
_ J£VTJ'!.
'
V2Vt
This establishes the induction step, and thereby the theone O

Remark 1.3.9. In the following, all trees shall be rooted. The set of all bary
rooted phylogenetic trees with label seX is denoted byRB (X). The set of all
ranked binary rooted phylogenetic trees with label seX is denoted byrRB (X).

Remark 1.3.10. A rooted binary phylogenetic tree withn leaves hagvVj=n 1
interior vertices andjEj =2(n 1) edges, which is shown by induction in [14].



Chapter 2

Stochastic Models on Trees

Given a phylogeneticX -tree, we are interested in the probability of that tree
from the setRB (X ) or rRB (X), depending on whether the given tree is ranked
or not. When de ning a probability distribution on trees, the probability of a
labeled tree should be invariant under a di erent labelingThis property is called
exchangeability.

There are several stochastic models for binary phylogereiX -trees, the most
common are the uniform and Yule model which we will introducand compare.

In the following, for simplifying notation, any X with jXj = n shall beX =
f1,2;:::;ng and we write RB (n), rRB (n) instead of RB (X ), rRB (X).

2.1 The uniform model

Under the uniform model, a random element dRB (n) is generated in the following
way (cf. Figure 2.1):

Label the two leaves of a cherry with 1 and 2.

Add to the cherry a third edge connecting the root of the cherry and a
new vertex °which is earlier than . This extended cherry is denoted byl .

In each step, modifyT in the following way, until T hasn leaves:

{ Let the number of leaves off be k. Choose an edge of randomly
and with uniform probability and subdivide this edge to crete a new
vertex.

{ Add an edge from the new vertex to a new leaf.
{ Label the new leaf byk + 1.

Remove from the treeT the vertex °and its incident edge to get the binary
rooted treeT .

In this way, each rooted binary phylogeneticX -tree has equal probability (see
[11]). Obviously, the probability of a tree is invariant uncer a di erent leaf labeling.
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3 142 243 1 243 1 2 34

Figure 2.1: Tree evolving under the uniform model. LeK = f1;2;3;4g. Given
the tree T °with label set f 1; 2; 3g, which has probability 1=3 under the uniform
model, there are ve possible edges to attach the leaf with b&l 4. Each of the
ve trees with label set f 1;2; 3;4g has probability 1=5 given T% So the overall
probability of each tree with four leaves is 215 under the uniform model.

Note that it is not necessary to choose the elements of in the given order
1;2;:::;n. We could choose the leaf labels in any order. This will not tbe case
for the Yule model.

Lemma 2.1.1. For eachn 2,

nic, 1
2n 1
with (2n 3)” (2n 3) (2n 5):::5 3 1andc, being then-th Catalan number,

Ch = n+ln'

(2n 3=

Proof.
_(@n 3 _ (2n 3)
@n 3 = 5 a4y 2n 2
_ o2y Copa gy
o2 1t ™1 1
_ nlg g,
- on 1 -

0

The following result is already shown in [14] by consideringnrooted trees and
de ning a bijection from unrooted to rooted trees. This prodis direct.

Theorem 2.1.2. The number of binary rooted phylogenetic trees is

jRB(n)j=(2n 3)!
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Proof. The proof is done by induction oven. For n = 2, we havejRB (2); = 1 and

2 2 3N =1. AssumejRB(n)j=(2n 3)! holds for alln k, wherek 2. A
tree Ty with k leaves has A 1) edges (see Remark (1.3.10)). Denote the root of
Tx by «. The (k+1)-th leaf x can be attached toTy to any of the 2k 1) edges or
a new root with edgese; =(; ) ande, =( ;x) is added. So we can construct
2(k 1)+1=2k 1dierenttrees from Ty. By the induction assumption, we have
jRB(K)j = (2k 3)!l. Therefore,jRB (k+1)j =(2k 3)" (2k 1) =(2(k+1) 3)!
which proves the theorem. O

Corollary 2.1.3. Under the uniform model, the probabilityP[T ] of a tree T cho-
sen from the seRB (n) is

1 2n1

PIT1= (2n 3 - n'c, 1:

Proof. Since a phylogenetic tred is chosen fromRB (n) uniformly at random in
the uniform model, we have

1
P[T]= - !
T JRB(n)j
By Theorem (2.1.2) and Lemma (2.1.1), we geR[T] = (2n13)” = nz,c 11. O

2.2 The Yule model

Under the Yule model [18, 8], a random element oRB (n) is generated in the
following way (cf. Figure 2.2):

Two elements ofX are selected uniformly at random and the two leaves of
a cherry are labeled by them. This cherry is denoted by and its root has
rank 1.

In each step, modifyT in the following way, until T hasn leaves:

{ Let the number of leaves ofT be k. Choose a pendant edge of
uniformly at random and subdivide this edge to create a new terior
vertex with rank k.

{ Add an edge from the new vertex to a new leaf.

{ Select an element oK which is not in the label set of T uniformly at
random and label the new leaf by that element.

In other words, any pendant edge of a binary tree is equallykkly to split and
give birth to two new pendant edges. The Yule model is therat® an explicit
model of the process of speciation. This makes it a very impgant model for
the distribution on trees. Since the labels are added unifimly at random, the
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Figure 2.2: Ranked tree evolving under the Yule model. LeX = f1;2;3;4g.
Suppose the ranked tred °with label set f 1; 2; 4g evolved under the Yule model.
There are three possible pendant edges to attach the leaf hnthe remaining
label 3. Each ranked tree with label sef 1; 2; 3; 4g has probability 4,(4 o = 1=18

according to Theorem (2.2.1).

probability of a tree is invariant under a di erent leaf labdling (i.e. dependent
only on the “shape' of the tree).

Note that under the Yule model, at each moment in time, the prioability of a
speciation event is equal for all the current species. For dient points in time,
these probabilities can be quite di erent though.

Under the Yule model, balanced trees are more likely than uakanced trees
whereas under the uniform model, every tree is equally likelPhylogenetic trees
constructed for most sets of species tend to be more balandbdn predicted by
the uniform model, but less balanced than predicted by the Ya model. That can
be explained in the following way. In nature, we observe that species, which has
not given birth to new species for a long time, is not very likg to give birth in the
future either. The Yule model does not take this fact into acmunt. In [15], there
is an extension of the Yule model described which takes carttbat biological
observation. One special case of the extended Yule modelwasss, that unless a
species has undergone a speciation event within the lastime interval, it will
never do so. It is shown in [15] that for su cient small , this model induces the
uniform distribution. So the uniform model can also be intgareted as a process
of speciation.

The Yule and the uniform model can be put in a more general fraawork. In
[1], the beta-splitting model is introduced, where the Yuleand the uniform model
are special cases. In [7], the alpha model is introduced andaén, the Yule and
the uniform model are special cases. In both papers, a one @aeter family of
probability models on binary phylogenetic trees is introdoed which interpolates
continuously between the Yule and the uniform model.

These models are far more complicated than the uniform and Mumodel
though, and since especially the Yule model is still a reasainly good model for
speciation, we will now focus on properties of the Yule moderheorem (2.2.1)
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and Corollary (2.2.2) have been established in [5]. Here weogide an alternative
proof.

Theorem 2.2.1. The probability under the Yule model of generating a ranked
binary phylogenetic treg(T ;r) 2 rRB (n) is

on 1
ni(n 1)V

That is a uniform distribution over rRB (n).

PIT;r]=

Proof. We calculate the probability P[T ;r] by looking at the generation of the
tree T. In the rst step of the generation, we haven possibilities to choose the
label for the left leaf of the cherry andh 1 possibilities to choose the label for the
right leaf of the cherry. So the probability for a certain chey, with distinguishing
between left and right vertex, is——— 0 , since the selection of the labels is uniformly
at random. The root of the cherry has rank 1. When adding a neve&f to a tree
T with k leaves, we havek possibilities to choose a pendant vertex and k
possibilities to choose a label. So the probability of attéiing a new labeled leaf to
a certain edge |s1(— since we choose the pendant edge and the label uniformly
at random. The new |nter|or vertex has rankk. Let the new leaf bex. The leafx
shall be on the right side of the new cherry. With the processbave, we get two
equal trees precisely if every step of the tree generationguess is equal for both
trees. While distinguishing between left and right child ofn interior vertex, we
count each phylogenetic tree8 = 2" ! times. Therefore, we get the following
probability for the ranked phylogenetic tree T ;r)

1 1 T 1 oot
PITorl=2" e sm 230 3 DL~ nin D!

SinceP[T ;r] is independent ofT and r, we have a uniform distribution. O
Corollary 2.2.2. The number of ranked phylogenetic trees is

ni(n 1)

JRB ()] = o

is uniform under the Yule model and probabilities

Proof. SinceP[T;r] = m
nl(n 1)!

add up to 1, we have—5—~ di erent ranked phylogenetic trees. O

Lemma 2.2.3. Let A be a nite set and for eacha 2 A, let B(a) be a nite set
andlet = f(ajb:a2 A;b2 B(a)g. Let C = (Cy; C,) be the (two-dimensional)
random variable which takes a value in selected uniformly at random, i.eP[C =
(a;b] = 15 j for all (a;b 2 . Then the conditional probability distribution
P[C = (a;bjC; = a] is uniform on B(a).
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Proof. We have

PIC = (a;b] _ 1

e a5 —a TiPC-a

which is independent ofo and therefore is uniform onB (a). O

Theorem 2.2.4. Assume a given binary phylogenetic treé with n leaves evolved
under the Yule model. Then the probability of a rank function on a given treeT
IS Q
P T — v2V Vv
[riT] ICEEN]

i.e. P[rjT ] is uniform over all rankingsr of T.

Proof. Consider the probability distribution induced by the Yule nodel onA =
RB(n). Let B(a) be the set of all rankings for atreea2 A and let = f(a;b :
a2 A;b2 B(a)g. Let C = (Cq;C,) be the (two-dimensional) random variable
which takes a value in . The random variable C is uniform on the set by
Theorem (2.2.1) and we can apply Lemma (2.2.3) to obtain

. . 1
PIC=(T;nNjCi=T]=PIrT]= ————
[C=(TiniCs= TI= PINTI= —pe
which shows thatP[rjT ] is uniform over all rankingsr of T. Since for a treeT,
we have% possible rankings by (1.3.8), angVj = n 1 for binary trees, we
get ' Q
; — 1 — v2VvV Vv,
PITT= —5— = (n 1
vav Vv
]

The following Corollary was established in [4] using induixin.

Corollary 2.2.5. The probability of a binary phylogenetic tred& 2 RB (n) under

the Yule model is -
P[T]= j%

n! v
v2V
where  is as de ned in Lemma (1.3.8).

Proof. With Theorem (2.2.1) and Theorem (2.2.4) we get

SN UL SR AL I\

PriT]  ni(n 1! ~,,y v nl=,y v
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Example 2.2.6. Recall again the ranked tree T;r) in Fig. 1.6. In that tree,

ranked tree (T ;r) evolved under the Yule model. With Theorem (2.2.1), we get

2n 1 210 1
= S i T oo O 10

With Corollary (2.2.5), we get

PT]= G = 2" 021 107
nc,y v 11l 1 2 3 4 5 10

With Theorem (2.2.4), we get

Q
sy v_ 18 2 3 4 5 10

= . 1 3
(n 1) 10! 033 10

Py[rjT] =

Let Py[T] be the probability that T evolved under the uniform model. Then,

Py[T]=1=2n 3 015 108

Since gt $2L 10" =14 > 1, i.e. Py[T] > Py[T], the tree T (without a

ranking) is more likely to have evolved under the Yule model.

Remark 2.2.7. In Chapter 4, we want to calculate for a given phylogenetic &e
T the probability P[r(v) = i;r 2 r(T)jT]forav 2 V under the Yule model where
r(T) as dened in (1.3.7). By Theorem (2.2.4), the rankings foil all have the
same probability, and therefore

fr2r(T):r(v)=igj.
jr(T)i '

For the value jr(T)j, a formula is stated in Lemma 1.3.8. The valugr 2 r(T) :
r(v) = igj will be calculated with the algorithm RankCount

Plr(v)=i;r 2r(T)jT] =

Remark 2.2.8. Another stochastic model on trees is the coalescent modehd&
coalescent model starts witim species and goes back in time. At each event, two
species are selected uniformly at random and the two spece® joint together,
the joint being a new species, the ancestor. So after 1 joining events, we are
left with one species, the root of the tree.

With i remaining species, we have, possibilities to choose two species for
the joint. The probability for a speci ¢ ranked tree is therdore

1 2n 1
P[T;r]= I
o T ni(n 1)!

which is equivalent to the Yule model.
Thus, the Yule model and the coalescent model are equivaless long as edge
lengths are not considered.
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o N
u
A B C
LESEON LEEON LESEON
V1< E V2< E V3< E
A B C A C B B C A

Figure 2.3: Vertex in T, with three direct descendants. There are three possible
binary resolutions.

2.2.1 Did the primate tree evolve under Yule?

Consider the primate treeT, in Appendix C. T, hasn = 218 leaves. We want to

calculate the vaIueEz HE} in order to decide whether to favor the Yule model over

the uniform model. Note that Py[T] = Lll and Py[T]= & —
w2

nicn v v

In T, there are six vertices (vertex labels 483, 148 153 157 and 200) with
more than two direct descendants because the exact resotutiis unclear. Five of
those vertices have three direct descendants.

For each vertex with three direct descendants, there are tbe possible binary
resolutions, see Fig. 2.3.

Let u be a vertex ofT, with three direct descandants. Letv be the additional
vertex for a binary resolution of vertexu. For the three di erent binary resolutions
of vertex u, we also writevy; v,; v instead ofv, see Fig. 2.3.

Let T°be a binary resolution ofT,. Let T;% i = 1;2; 3, be a binary resolution
of T, where vertexu is resolved as displayed in Fig. 2.3. Let,(to be the number
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of descendants of’ in resolution T% We want to estimate 7.

v(TO) P[T (1

TO

< I
|

P[TY
TO
X X
Vi I:)[Ti(ﬂ

X3 X \;n

i=1 TiO n! w

w2f V; onvig
1

)@1X \;n

T
izt Vi o Nl w

w2f V7 onvi g
|

Note that the inner sum is constant for alli, so we get

X \;n x3
Y 1
T n! woi=1
w2f VTlonvlg
v =
X \;n X 1
o n! A
w2f VTlonvlg
_ 3
X
i=1 Vi

With this formula, we estimate the values 7, for the new vertexv in the binary
resolution of vertex 4863, 153 157 and 200.
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Figure 2.4: Vertex in T, with four leaf-descendants.

The interior vertex with label 148 has four leaves as directacendants. There
are two di erent shapest, and t, for a binary tree with four leaves, see Fig. 2.4.
In t;, the new interior verticesv, and w; have the value ,, =1 and ,, =1.1In
t,, the new vertexv, has ,, = 2, the new vertexw, has ,, =1. Weset 3, =1
in T, since , =1and ,, =1. We want to estimate 7, the value < shall be
the weighted sum of the ,,

v= Pl Pltal v g5 403 525

Y Py[ta] + Pylts]
With those estimated values for Y, we now estimateﬁz {H Let Ti;i=1;:::;m,
be the binary resolutions ofT . We get
P
Py[T] _ o iPvIll o &1
= I 0:25 10"
PU[T] |PU[T|] \(VZVT v ~ ’\\‘/

which favors the Yule model over the uniform model. Note thatvithout the esti-
mates for 7, we would have to calculatePy [T;] and Py[T;] for the 3 15 linear
resolutions ofT .

In Section 4.3, we will assume that the primate tre@, evolved under the Yule
model.

2.3  Yule model vs. uniform model

As we have seen in Corollary (2.1.3), the probability of gerating a given treeT
with n leaves under the uniform model is

2n 1
nlc, 1

Pu[T]=

By Corollary (2.2.5), the probability of generating a giventree T under the Yule

model is -
I

v2V Vv
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The fraction of the two probabilities, the "Bayes factor' [§ is

Pv[T] _ ;G 1
=0 :
I:)U [T] v2V VvV
Given a tree T, we want to know if it evolved under the Yule or the uniform

model. The fraction ﬁz {H being bigger than 1 suggests favoring the Yule model, the
Py [T]

fraction being smaller than 1 suggests favoring the unifornmodel. So In By T

being bigger than 0 suggests favoring the Yule model, the kExgthm being smaller
than 0 suggests favoring the uniform model. In the followingve want to calculate

the expected vaIueEhY [In E,Z {H ], given the treeT evolved under the Yule model.
[
We will see thatEy In -l is the “Kullbach-Liebler' distance (de ned below)

betyeenPy and Py, and show that it goes to in nity with increasing n. Further,

Euy In Es {H goes to in nity with increasing n. Therefore, forn large enough,

the value In E,Z {H is relevant to the question of testing whether a tree evolved

under the Yule or uniform model. In Section 3.4, we will actuly test the Yule
model against the uniform model.

2.3.1 The Kullbach-Liebler distance

De nition 2.3.1. Let X be a discrete random variable which takes va-
lues in the nite set = fwywy;:iii;w,g with associated probabilities

content of an event! 2 is

I(t)="Inp(!)
The entropy J,, of the probability distribution p is de ned as

X
Jp = EIN(X)] = p(! )Inp(!)

12

In [9], Chapter 7, the entropyJy for the Yule distribution over RB (n) and the
entropy Jy for the uniform distribution over RB (n) are calculated. Recall that

for two functionsf (n) and g(n), we write f (n)  g(n) precisely if lim,; % =1.

For Jy, one has (from [9])

X g(k)

‘e k+1

Jy =n (21)

whereg(k) = £XIn 2 +In £ +In(k+1) LInk!. Asymptotically, one has

Jy nlin(n)+ ¢n %In(n) (2.2)
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where ci = In(2)In( 330) + In(9)In( 5) + 2Lio(f) 2Li(3) 1  0:493 and
; — X nt
Lio(x) = | {=dt.
For Jy, one has (again from [9])
Ju=InjRB(N)j=In(2n 3)!I (2.3)

and asymptotically
Ju nin(n)+ ¢n In(n) (2.4)

wherec, =1 In(2) 0:307.

De nition 2.3.2. Let p and q be probability distributions over a nite set .
The Kullbach-Liebler distancebetweenp and g is de ned as

R p().
dke (p; Q) = . p(! )In ﬁ

Remark 2.3.3. The Kullbach-Liebler distance is positive de nite, i.edx, (p; 0

0 with dx. (p;9 = 0 i p = g Notice that d¢. (p;0 = 1 i there exists a
u2 with p(u) > 0; qu) =0. For p= Py and g = Py, both dx, (p;9 and
dk. (q;p are nite, since Py[T] > 0 and Py[T] > O for all T 2 RB(n). Note
that the Kullbach-Liebler distance betweerp and g is not symmetric, i.e. we have

dee (P;9) & dki (95 P in general.

Remark 2.3.4. Note that the Kullbach-Liebler distance between the probaibty
distributions p and g over the set equals the following expected value

I p() _ P,.
dKL(p1CD_!2 p(!)m@—Ep['na]-

Lemma 2.3.5. Let be a nite set. Let p be any probability distribution over
and let q be the uniform distribution over . Then

de (P59 = Jq  Jpt

Proof. By assumption,q(! ) =15 jforall! 2 .Fromthe de nition of dgk. (p;0),
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it follows that

X
de (i) = p(!)ln%
¥ X
= p(! )Inp(!) p(! )Ing(!)
12 12
X 1
= Jp . p(!)lnj—j
1 X
= Jp InJ—J , p(')
1
= Jp Inj_j
1
= —l —
% LTI
= Jy I

2.3.2 Kullbach-Liebler distance between Py and Py

In the following, we calculate the Kullbach-Liebler distace between the Yule
distribution Py and the uniform distribution Py over RB (n).

Theorem 2.3.6. Let Py be the Yule distribution andP, be the uniform distri-
bution overRB (n). The Kullbach-Liebler-distance between those two distiions
is

1
O ()

‘e k+1

k 1 k 1
In*5=+1In3+In(k+1) Ink!

dKL (Py, Pu) = |n(2 n 3)” n

1 k

where g(k) is again de ned asg(k) = =~

Asymptotically, we have
dke (Py;Puy) coyn 1=21In(n)
with ¢y  0:186

Proof. From Lemma (2.3.5), we havedx, (Py;Py) 5 Ju Jy. With Equations
(2.1) and (2.3), we getd. (Py;Py)=In(2n 3)!' n 3:21 % For the asymptotic
behavior, we get with Equation (2.2) and (2.4)

Ju nin(n)+ cn Iy nin(n)+ ¢n) In(n) + 1=21In(n)
Ju Jy (C]_ Cz)n 1=2 |n(n)
Ju Jy c¢cyn 1=21In(n)

wherecy = ¢, ¢, 0:186. O
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Corollary 2.3.7. For the expected valu&y [In E—Z], we get
P
Ev[In=-] cyn  1=2In(n)
Py

SoEy[Ingr]!l  forn!l
Proof. With Theorem (2.3.6), we get

P X Py [T
Ey[In P_Y] cyn = Py[T]In PY{T} Cy N
U T 2RB (n) U
= dk. (Py;Py) cyn
1=2In(n)

That implies dx,. (Py;Py) c¢yn and sincecy > 0, we haveEy [In E—;] 1 for
n'li . O

2.3.3 Kullbach-Liebler distance between Py and Py

In the following, we calculate the Kullbach-Liebler distace between the uniform
distribution Py and the Yule distribution Py over RB (n).

2m

Lemma 2.3.8. The central binomial coe cient can be written as

2m w4 1
m _ v/
j=1
Proof.
2m = @2m)! 2™ 2m (2m 1) 2m 2):::3 2 1
m ~ mm 2m 2m 2(m 1) 2(m 1):::4 4 2 2
_ 22mr‘lem 2 1
= 2m j)
2 1
— 22m :
2

Lemma 2.3.9. For the setRB(n), we have
X X X1 n
In = Ini i JRB(i +1)jjRB(n 1)j

. +1
T2RB (n) v2vy i=1

where  is de ned as in Lemma (1.3.8).
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/>/ some tree structure
;7 """ ITUNN,
Ve "'fﬁfflfff}\:ff"\'x_\X_

Figure 2.5: Counting the pairs T;v) in Lemma (2.3.9). The variables
(X1;:::;Xi+1) take any distinct values fromX © the variables iz ;:::;Xn 1;Xn)
take any distinct values fromX %

Proof. We have , 2f1;2;:::;(n 1)g since a binary treeT with n leaves has
n 1 interior vertices. We rewrite the double sum as

X X X1
In | = Ini jf(T;v): T 2RB(n);v2 Vr; =g

T2RB (n) va vy i=1

To calculatejf (T;v): T 2 RB(n);v2 Vy; = igj, we have to count all the pairs
(T;v) with v 2 Vr having exactly i interior nodes as descendants. For a binary
tree, this is equivalent tov having i + 1 leaves as descendant<f. Figure 2.5). So
for an interior vertex v, we choose a subseX ° of X consisting ofi + 1 elements,
which shall label the leaf descendants of. We have .;} possibilities to choose
thosei + 1 elements. There argRB (i +1)] possibilities to build up a binary tree
with leaf set X ®and rootv. Let X = (X nX9[ v, sojX% = n i. For the set
X % there arejRB (n i)j possible binary trees. Combining all those possibilities
yields

ifT;v:T 2RB(N):v2 Vr; = igj= jRB(i +1)jjRB(n )]

n
+1
which proves the Lemma. O
Theorem 2.3.10. For the distancedk, (Py; Py), it holds that
dke (Pu;Py)=nS, Inc, 4
P , - L
wheres, = 71t neQr e g

2+
in Lemma (2.1.1).

and ¢, are the Catalan numbers as de ned

Proof. By de nition of the Kullbach-Liebler distance and with Corollary (2.1.3)
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and (2.2.5) and settingN = jRB(n)j, we have,

X PulT
dke (Pu;Py) = Py[T]In PUET}
Y
T2RB (n) > 1 3
2I"I
_ X on 1 n4 i
nlc, 1 _nt
T2RB (n) 0 ntavp v
= % im _vavr ¥
T2 (n)N o1
3 3
1 X X
= W4 In 2 Inc, 1
T2RB (n) v2vy
1
= —s | 2.
NS NG s (2.5)
P P _
wheres = 1oy w2y IN v With Lemma (2.3.9) and Lemma(2.1.1), we get
X X
s = In
T2RB (n) v2 vy
Xt n .
= Ini . JRB(i+1)jjRB(n i)
i=2 1+1
_ XA el o i)
. i+1 2 n i1
i=2
nt X* i+1)(n i)
= ni.( )(n.') GCn i 1
2n 1i:2 (i+D(n i 1)
1
N . .
= — i (n i) GG
€1,
Nn X' i 20 2n i 1)

2 i+l n i 1
n 1
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With Lemma (2.3.8) we get

" . . #
. - NP X i ZZiV TN A
n 12 1 i i i
22 ) L= JT i=2 I+1 j=1 2 " j=1 J
_ Nnxl ni Yt 20 Y o3 1" 1y 1
B i+l 2 12
i=2 j=1 j=1 1—1#
_ Nnxl ni Yt g "l o1
i1 2 1 2
i=2 j=i+l j=1 #
a NnXl Ini "Y' * 24 +1) "Y' 2 1
|:2,,'+1 L 2(0 +1) 11:& 2
_ Nnxl ni "Y' Y+ 1)
I B X B
! . #
_ Nnxl ni "Y't o2 1
= : : =
i=2 ,,|+1 j=1 2 2(J'£ri3#
i 1
= P10 1
Combining this result with Equation (2.5) establishes the lhteorem. O

Lemma 2.3.11. The asymptotic behavior of then-th Catalan numberc, is
¢, nhin4

Proof. With the Stirling formula, In n!  ninn n (see [3]),we get

In(n+1) +1In 2n

Inc,

In(n+1)+In(2 n)! 2Inn!
In(n+1)+2nin2n 2n 2ninn+2n
In(n+1)+2niIn2

nin4

O

Theorem 2.3.12. The Kullbach-Liebler distance betweeR, and Py is asympto-

tically
dq. (Pu;Py) cun

wherecy is a positive constant.
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Proof. From Theorem (2.3.10), we have

dke (Pu;Py)=nS, Inc, 1

, P . i L :
with S, = [t Il Qj”:l' ! 112(,-2110 and ¢, being then-th Catalan number. By

Lemma (2.3.11), it holdsc, 1 nIn4. In Section 2.3.4, we show that

In4< 1:44<S, <S% N
forall n 200 with S°and N being some xed constants. This yields to
dk. (Pu;Py)=nS, Incg, 1 nS, nind c¢yn
with ¢, being a positive constant. O

Corollary 2.3.13. We obtain
P
Eu[ln =2]!1 forn!1
Py
since Ey[In 52] = d. (Py; Py) by Remark (2.3.4).

2.3.4 Calculating S

In Theorem (2.3.10), we obtain the following formula for theKullbach-Liebler
distance betweerPy and Py :

dke (Pu;Py)=nS, Inc, 1
_ Qn i1

. P n 1 Ini 1 % . .
with S, = |, a,i andap = =1 7 —t—-1In the following, we will

calculate an upper and a lower bound fo,. Note that fa,i;n 2 Ngis monotone
decreasing for xedi and a,; > 0. So limy;; a,; exists.

¥ o1 zi Y 1
g = lim ag; = — 4 = 1 = >0
" B J
X' nj
S? = —
A _, 1+1 &
With the property .
|
In1 x)= X X— X

for0 x< 1 (see [19]) and the property

X i
! %dx =1In(i)

j=1 ) 1
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we get the following:

Xi 1
Ing, = nl =)
) 2]
j=1
1X 1
2j=1j
1
— In(i
5 In(i)
So we have L
a PpP=

L= - a
L, 7 1
Xtini
i=2
P :
Since i1:2 I'Q—'z converges, it follows thatf S%; n 2 Ng is bounded. The sequence
fS% n 2 Ng is monotone increasing sincé% a > O0foralli 2 N;i 2.So
limy: S exists and we de ne
lim s9:= s
nil

Now we calculate an upper and a lower bound f@,. Sincea;, ! &, there exists
anN 2 Ns.t. a, < (1+1=5)a foralln>N .

X1 ni X1 ni 0
Si= g A <(N Dy 7 (+1=)a < (N 1)+(1+1=5)S]

i=2 i=N+1

SinceS? is monotone increasing, we get
Ss<(N 1)+(1+1=598P< (N 1)+(1+1=5)s°
which yields to

S, <S% N:
Sinceg;, > a;, we have
X1 ni Xt ni
Sy = —— ni > — g =90
’ i=2 I+1 i i=2 I+1 * "

So we getS, > S? for all n. With Maple, | calculated S9,, 1:44> In4. Overall,
we have
In4< 1:44<S, <S% N

foralln  200.



Chapter 3

Trees and Martingales

In this chapter, we have a closer look at the process of the &rgeneration. We will
see that the tree generation is a certain stochastic process martingale. Under
the uniform model, the martingale ful lls the conditions fa the Azuma inequality.

We make use of this property at the end of the chapter. We teshe Yule mo-
del against the uniform model with the log-likelihood-rat test. With the Azuma
inequality, we nd an analytical bound for the power of the test. Since the algo-
rithms in Chapter 4 work in particular for trees under the Yuk model, it will be
useful to have a test for deciding whether a tree evolved und¥ule.

First, we provide some basic de nitions and properties on oalitional proba-
bility and martingales.

3.1 Conditional probability and martingales

De nition 3.1.1. Let X (resp.Y) be a discrete random variable which takes
valuesfx;;i 2 Ng (resp.fyi;i 2 Ng). The conditional expectation
X
Z = E[XjY]= Xj P[X = XjjY]
j
is a random variable. Z takes values
X
Zi = Xj P[X = ijY = y|]
j

on the setfY = y;g with probability P[Z =

|
N
[

1

PlY = yil.

The two equations in the next Lemma are stated in [13] with a lef veri cation.
We will give a full proof.

Lemma 3.1.2. Let X (resp. Y, U) be a discrete random variable which takes
valuesfx;;i 2 Ng (resp. fyi;i 2 Ng, fui;i 2 Ng). Further, assumeE[jXj] < 1 .
Then, we get the following two equalities:
E[X] = EI[EX]jY]] (3.1)
E[XjU] = E[E[X]Y;U]jU] (3.2)

28



CHAPTER 3. TREES AND MARTINGALES 29

Proof. Let Z = E[XjY]. We obtain Equation (3.1) from

X
E[E[X]Y]] = zZP[Z = z]

X X _

= %PIX =Y = wilPlY = il
X X

= 4PIX=Ex0Y =il ()
X X

= XjP[X = x;;Y = vyi]
NI

= Xj P[X = Xj]
j

= E[X]

The summation order in () can be changed sinc&[jXj]< 1 .
It is left to verify (3.2). Let W = E[X]Y;U]. The random variableW takes a
value X
Wi, = XkP[X = ijY = yjl;U = sz]
k
with probability P[Y =y;,;U = u;,] wherej; 2 Nandj, 2 N. Let Z = E[W]jU].
The random variableZ takes a value

z = E[WjU = uj]
with probability P[U = u;] wherei 2 N. We transform z; to
z = EWjU=u]
= le;jZP[VV = le;jsz = ui]
JX;JZX - .
= XcPX = XY = yj;;U = U, IP[Y = yj,;U = uj,jU = uj]
5{;]2% - |
= XkP[X = XY = yj,; U= u]PlY = y;,jU = uj]
X" X
= XkPIX = Xi; Y = yj,; U = ui]=P[U = ui] ()
X" X
= XPX = %Y = yj, U= u]=P[U = uj]
% i1
= XkP[X = XuU= Ui]:P[U = Ui]
X
= Xk P[X = x¢jU = uj]
k
= EXjU = u]

The summation order in () can be changed sinc&[jXj] < 1 . So we obtain
E[E[XjY;UJjU = u] = E[XjU = uj]
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foralli 2 N, i.e. E[E[X]Y;UJjU] = E[XjU]. O
De nition 3.1.3. A stochastic process Z,;n 2 Ng is called amartingale if
E[jZnj]< 1 8n2N

and
ElZn+1]Z1;2Z0;:: 0, Z0] = Zn: (3.3)

Remark 3.1.4. Taking expectations of (3.3) with Equation (3.1) gives
E[Zn+1] = E[Zn]:

The results of Lemma (3.1.5) and Theorem (3.1.6) are alreadyated in [13].
Again, the following proofs are more detailed.

Lemma 3.1.5. LetfZ,;n 2 Ng be a discrete stochastic process WiE{jZ,j] < 1 .
Let Y be a vector of discrete random variables. If

Proof. It holds E[ZjZ1;:::;Zn] = Zn SINCEE[Z,]Z1 = 21;:::,Zn = 23] = Zp.

m
N
5
A
N
ot
_'\.‘
2.
I 1l
m . m
N
~
-+
e
- N
.. B
N
>, o
N
2.
<
.'_\‘.
ot
_'\.‘
=

= Zn:
]

Theorem 3.1.6. Let X;Y;Y,;::: be discrete random variables such th&f{jX j] <
1 and let
Z, = E[X]jY1;:::Y]

forall n2 N. ThenfZ,;n 2 Ng is a martingale.

Proof. With Equation (3.1), we get E[jZn]] = E[E[X]Y1;:::;Yall

m
N
=
+
=
N
°.
i\.l
2.
=
=
|
m
N
S5
s
=S
=

= Zn

which proves the theorem. O
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3.1.1 The Azuma inequality

Let fZ;;i 2 Ng be a martingale. If the random varialbe<; do not change too fast
over time, Azuma's inequality gives us some bounds on theirgbabilities.

The following theorem, the Azuma inequality, is stated in [3] with a detailed
proof.

Theorem 3.1.7 (Azuma's Inequality). Let fZ;;i 2 Ng be a martingale with
E[Zi]]= .LletZy,= and suppose that for nonnegative constants, ;,| 1,

Then for anyi 0,a> 0:

i) Pz P,
O A et P

. 2a?
(i)  P[zZ; a] expf P (- J_)zg

The following corollary will be very useful for the next seabn.

Corollary 3.1.8. LetfZ;;i 2 Ng be a martingale withE[Z;] = .LetZy= and
suppose that for a nonnegative constadt, j 1,

iZ; Z; 4 C
Then for anyi 2 N: ,
P[Zzi 0] expf > ng
Proof. Let = ;= C foralli2 Nanda= . Then inequality (ii) in Theorem
(3.1.7) establishes the corollary. O

3.2 A martingale process on trees under the uni-
form model

In this section, we assume that a treel 2 RB(n) evolved under the uniform
model. Consider the following setting:

Let hy : RB(n) I R with hu(T) =|n E\L(JH_% =1In vczanl v
Forj 2f1;:::;ng, let Y :RB(n) | RB()) with ¥j(T) = Tjis:j
Forj>n,letY, :RB(n)! RB(n)with Y;(T)=T.

Let Z; = E[hyjYy;::: Y]
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We have E[jhy(T)j] < 1 sinceT is chosen from the nite setRB(n) and
maxt 2re (ny jhu(T)j < 1 . With Theorem (3.1.6), we obtain that fZ;;i 2 Ng
is a martingale. Note that

Z; = E[hyjYy; 1Y) = E[hyjYi]:
Foralli n, we have

Z; = E[hy(T)jYi = T]= hy(T):

The expected value  of Z, is, with Remark (2.3.4),
u = E[Za] = E[hy(T)] = dke (Pu;Py):
Theorem (2.3.12) shows

d«. (Pu;Py) cun

which means
U Cyn:

In the following, we want to apply Azuma's inequality to the tee martingale
fZi;i 2 Ng. First, set Zy := E[Z,] = dk. (Pu; Py). To apply Azuma's inequality,
we have to verifyjz; Z; ;j Cy foralli2 N.

For i = 1, note that by de niton, we have

Z; = E[hy(T)jY1] = E[hy(T)] = dk (Pu;Py) = Zo

SOjZl ZOJ =0.

Fori n, note that Z; = E[hy(T)jT] = hy(T). SojzZ; Z; 4j =0 for all
i>n.

Section (3.2.1) will establishiz; Z; ;j Innfor2 i n.

With Corollary (3.1.8), we then have
0
2n(In n)zg

cin

2(Inn)2

P[Z, 0] expf

expf

g! O forn!1l

Note that Z, = hy(T) =In E3 {H So for a treeT generated under the uniform

model, the probability that Py[T] is smaller thanPy [T ] tends to O quickly with

n as the number of leaves tends t& . Therefore the Bayes factonﬁg {H is a very

good indicator as to whether a "big' tree evolved under the iform model or not.
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3.2.1 Calculating a bound in the Azuma inequality

Let fZ;;i 2 Ng be the tree martingale introduced above. We can transforr;
into

Z = Euiv]
= hu(T)PIT jYi]
T 2RB (n)

X V2 V- v .
= In —2¥_P[T Y]
Ch 1
T2RB (n)o 1

X X
= @ In, Inc APTjY]

T 2RB (n)
2 n dZVT

X X
4 @ In APTV]® Inc

T2RB(n) v2vy

1 3

The random variableZ; therefore takes values

2 0 1 3
X X
zi; = 4 @ In APTjY,=t]® Inc 1

T2RB(n) v2vy
forall t 2 RB(i).
Assuming that T was generated under the uniform model, i.e.
PIT] _ jRB(i)]
Plt]  jRB(n)j

PIT ¥, = 1] =

we get, fort 2 RB (i),

0 1 3

X X iRB (i)]
@ 1 ARBOIF
§T2RB(I’I) Y JRB(n)J o
V2Vt
ijl;:::;i 9:2t

Zi;t

3
_ jrB@)g X X g .
= iRB ()] In Inc, 1:

T2RB(n) v2vy
Tt 1 =t

The set of all binary phylogenetic trees with leave sétl; : i L1i+1;:::ngshall
be RB(n;i). In the following, we will calculate an upper bound fojz; Z; 4j.
Note that

iZi Z; 1] = max jz; Zi 1Dt D
14 i 1 t2RB(i)J it (i )@ 1)J
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The dierence jzi;  Zi 1)1 ) IS
it = JZie Zg i vl

RB() X X jRBG 1] X X

" . \ H H

jRB (n)j T2RB () vavy JRB(n)] T2RB(n) v2vq
T(i)=t TGO =t 1)

In

iRB (i i X X X X X
_ JRB( 1) @ 3) n In

JRB ()] T2RB (n) i
v2Vr t%2RB (i) T2RB(n)v2vy
T(i)=t % D=t 1) T(i)=t°

jiRB(i 1) X X X X X X
= = In In-v
JRB(n)J t2RB (i) T2RB(n) i
v2Vr t2RB (i) T2RB(n)v2vg
t% =t 1) T(>)=t t% D=t 1) T(i)=t° 1

0

_ jRB(i 1) X %X X n X X n §

) jRB(n)j t%2RB (i) T 2RB (n) ' '
V2V T2RB (n) v2vy

9 D=t 1) T(@)=t 0 T (i)=1t°

= In In
JRB (n)j 0 o [ .
t92RB (i) T92RB (n;i) 2RB (n) v2 vy T2RB (n) v2vyg
t% 1=t 1)TY =t 1) Tni=TO Tni=TO
T(i)=t T(i)=1t°

jiRB(i 1) X X X X X X

_ — In \ |n \%
JRB(n)J t%2RB (i) T2RB(nji) T2RB(n)
; v2Vr T2RB (n) v2vy
O D=t T =t 1) Tni=TO Tni=TO
T(i)=t T(i)=1°

De ne

X X X X
S:= In In  :
T2RB (n) v2 vy T2RB (n) v2 vy
Tni=TO Tni=TO
T(i)=t T(i)=1°
Consider the treeT in Fig. 3.1. Moving leafi to a new position will change , of
a vertexv, if v is on the pathP from v; to vi°. The change of ,, whenv <t v;, is
W = 1. For the other vertices on that path, we have }*¥ = |, +1. So we

\"
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Figure 3.1: TreeT where leafi is moved

get, with the property Inx Iny =1In x=y,

0 1
X X , X , .
s = In 1 + In 1 +In , In §
T2RB (n) 2Vr nv; v v2V7 nv; v
Tni=TO V2P v2P
T(@)=t V< T Vi v<rv0
X X v X y o
In + In +In  In
v 1 vl
T2RB(N) v2Vrny V2 V1 nvj
Tni=T% y2p v2P
T@)=t V<1V v< T V0
X X , X , .
= In + In +s
v 1 vtl
T2RB(n) v2Vvrny V2V nv;
Tni=T0 V2P V2P
T(i)=t V<1V v 7 v0
with 8 p
< In 1~ if O
0_ i= 0+ W1 Vi Vi
S=. P’ i1 0
|
i= 1 |n|_ if vi < Vi

Note that for any v;w 2 P with v;w <t v; or v;w <1 v°, we have , 6 . That
yields to
X X' ok+1
S In
T2RB (n) k=1

Tni=TO
T(i)=t
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Overall, we get, with using the property In(1 +x) <x for x> 0,

iz 2 j jiRB(i 1)) X X X Xllnk+1
it (i 1t 1) ==
JRB(n)J t%2RB (i) T®2RB(nji) T2RB(n) k=1
9 D=t(i 1TY D=t 1) Tni=TO
T()=t

= .JFF:BB(I)J. In 1+%
J (n)J T2RB(nji) T2RB(n) k=1
T 1=t 1) Tni=TO
T(@)=t
.RB N X X 1 1
- IRBO; n 1+l
J (n)j T2RB (n) k=1
T()=t
X 1
= In 1+%
k=1
X1 1
Sk
L L
< —dx
1
= Inn:

Therefore,

iZi Z; 1 = max jz Zi nia p] Inn:
14 i 1) t2RB(i)J it (i 1)@ 1)]

3.3 A martingale process on trees under the Yu-
le model

In this section, we assume that a tred evolved under the Yule model. Consider
the following setting:

Let hy(T)= hy(T)=In B,
Forj2f1,:::;ng letY; :RB(n)! RB(j) with Yi(T)= Tji1:g
Forj>n,letY, :RB(n)! RB(n)with Y;(T)=T.

Let Zi = E[hyjYy;::1Yi].

Sincehy = hy, the procesd Z;;i 2 Ng is a martingale with the same argumen-
tation as in Section 3.2. Further, from Section 3.2, we get
2 0 1 3
X X
zZi= 4 @ In APT¥]S+Inc ;

T2RB(n) v2vy
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and 2 0 1 3
X X
Zy= 4 @ In APTYi=tP+Inc ;

T2RB(n) v2vy

forall t 2 RB(i).

3.4 Hypothesis testing: Did T evolve under the
Yule model?

In this section, the hypothesis that a given tre€l evolved under the Yule model
is tested against the uniform model.

In [10], a test between the Yule and the uniform model is devsed by counting
cherries. It is shown that the number of cherries in a tree isonmally distributed
with di erent expected values for the two models. The powerfahe test stated in
[10] is above @0 for trees with more than 80 leaves. The power is only states
an asymptotic result though.

We will give an analytic result for the power of the log-likehood-ratio test for
the Yule model against the uniform model.

First, we recall the basics about hypothesis testing. In a Ippthesis test, we
test for a given datasetx if a hypothesisHg is rejected in favor of a hypothesis
H, or if Hq is accepted. The hypothesis test is characterized by a decis rule, it
decides ifHq is accepted.

The Type | error of a hypothesis test is

= P[H, rejected jH, true]:
The Type Il error of a hypothesis test is

= P[H, retained jH; true]:
The power of the test is 1

The next Lemma, the Neyman-Pearson Lemma (see [13]), statémat for a
given Type | error, the likelihood-ratio test is the test wih the smallest Type I
error.

Lemma 3.4.1 (Neyman-Pearson Lemma)When performing a hypothesis test
between two point hypothesé$, and H,, then the likelihood-ratio test which rejects
Ho in favor of H; when

P[xjHq true]

P[xjH1 true]

with k being some positive constant, is the most powerful test otesi , where

= P[% kjHo true] = P[H, rejectedjH, true] as de ned above.
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Note that the log-likelihood-ratio test, i.e. rejectingHy if

P[xjHq true]
P[xjH, true]

is equivalent to the likelihood-ratio test. We will test the Yule model against the
uniform model with the log-likelihood-ratio test to get thesmallest Type Il error.

Let Hy and H; be the following hypotheses.

Ho: T evolved under the Yule model
Hi: T evolved under the uniform model

The decision rule for this test shall be:

— Py [T]
Z,=In sz > 0) acceptH,.

Z. =In EHH 0) reject Ho.

The Type | and Type Il error can be obtained with simulations,.e. construct
a lot of trees with n leaves under the Yule model and estimate and

With the results from the previous sections, we can providenaanalytical bound
for the Type Il error.

A bound for the Type Il error of this test is, with Corollary (3.1.8) and Theorem
(2.3.10),

Py[T]

PulT]

PulT] <

Py[T]
2

U
expt 2nC§ J

Pu[In > 0]

= P[H retained jH; true]

= Py[in 0]

2
U
2n(In n)zg

(nS, Ingc, 1)?
2n(In n)2

expf

= expf (3.4)

with S, and ¢, as dened in Theorem (2.3.10). Asymptotically, we get, with
Theorem (2.3.12),

(cun)?
2n(In n)zg
((1:44 In4)n)?
exp 2n(In n)2

n
expf 0.00144(Wg

expf
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So the power of the test, 1 ,tendsto 1l asntendstol .

With the current bound, the power of the test, calculated by uation (3.4), is
bigger than Q85 only for trees with more than 600 leaves. It is probably psible
to improve the bound for the Azuma inequality though. If the arrent bound, Inn,
could be improved to ¥ Inn, the power of the test would be bigger than 90
for trees with more than 50 leaves. A bound of=2Inn would result in a power
bigger than Q90 for trees with more than 170 leaves.



Chapter 4

The Rank Function

Consider the primate tree in Appendix C. Was speciation evewith label 76 more
likely to be an early event in the tree or a late event? What istte probability
that 76 was the 6th speciation event? Was it more likely that@eciation event 76
happened before speciation event 162 or 162 before 76? Thiapter will provide
an answer to those questions, under the assumption that eacank function is
equally likely, which is, in particular, the case under the ¥le model.

The algorithms RankProb , Compare and an algorithm for obtaining the
expected rank and variance for a vertex were implemented inyfhon. The code
is attached in Appendix B. This is joint work with Daniel Ford from Stanford
University.

In Section 4.3, we will show how to estimate edge lengths in a&e by cal-
culating the probability distribution of the rank of a vertex. This question was
posed by Arne Mooers and Rutger Vos, who constructed the prate supertree
and wanted to estimate the edge lengths for it (see [16]).

4.1 Probability distribution of the rank of a ver-
tex

Let T be a binary phylogenetic tree. Specifying an order for the spiation events
(i.e. the interior nodes) inT is equivalent to introducing a rank function onT .
In this chapter, we are interested in the distribution of thepossible ranks for a
certain vertex, i.e. we want to know the probability ofr(v) = i for a givenv 2 V.
In other words, we want to calculateP[r(v) = ijT], with r 2 r(T), r(T) is the set
of possible rank functions on the tred . If every rank function on a given tree is
equally likely, we have

ffror(v)=ir 2 r(T)gj
jr(T)i

A formula for the denominator is given in Lemma (1.3.8). The mumerator will
be calculated in polynomial time by algorithmRankCount

Plr(v) =ijT] = (4.1)

40
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Examples of stochastic models on phylogenetic trees wheeele rank function is
equally likely:
For the Yule model, we have seen in Theorem (2.2.4), th&[rjT] is the
uniform distribution.

As we have seen in Remark (2.2.8), the coalescent model hag ttame
probability distribution on rooted binary ranked trees as he Yule model. So
P[rjT ] is the uniform distribution.

In the uniform model no rank function is induced when a tree igenerated.
We can assume though that for a given tre€ , each rank function is equally
likely. Then, Equation (4.1) holds as well.

De nition 4.1.1. Let T be a rooted phylogenetic tree. De ne
(@)= gfror(v) =10 r 2r(T)gj
forv 2 V;i 2 1;:::;jVj. In other words, +1.(i) denotes the number of rank
functionsr for T in which v comes in thei-th position.
The following results will be needed in the next sections.

Lemma 4.1.2. Let

1_ 1.1...1
XT = XXX, 0

x? = fx§;x5:1:%2.9

x? = fx§;x3:::%5.g
bed disjoint sets with the linear orderx} <x}, <:::<x ! for eachi 2f1;:::;dg.
The numberL of possible linear orders on the set'[ x2[ :::[ x9, with the
linear order of each original setx' being pres'erved, is

xd
ny !
L - i=1
Yj
n;!
i=1 P
Proof. The numberL™ of linear orders of the ?:1 n; elements ofx*[ x2[ :::[ x9,
allowing any order onx', is L™ = id=1 ni !. The number L7 of linear orders

of the n; elements ofx' is (n;)!. Since forL , we only allow the linear order
Xy <X, <iii<x o onx', itholds

xd
n; !
L~ _
L = = =1
Yj
L7 n;!
i=1 i=1
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Corollary 4.1.3. For d=2 in Lemma (4.1.2), we have

n{+ Ny
ng

L =

possible linear orders orx! [ x?, preserving the linear order onx* and x2.

Proof. From Lemma (4.1.2) follows

._ (n1+ nz)! _ nhp+np
~ (n)!(ng)! N

0

Remark 4.1.4. The values | foralln;k N (n;k;N 2 N) can be calculated
in O(N?), cf. Pascal's Triangle. In Appendix B, a dynamic programming vesion
for calculating E is implemented. Thus, afterO(N?) calculations, any value E

with n;k N can be obtained in constant time in an algorithm.

4.1.1 Polynomial-time algorithms

In the following, we give a polynomial algorithm to determie 1., (i) forv2 V

Algorithm : RankCount (T;v)
Input : A rooted binary phylogenetic treeT and an interior vertex v.

1. Denote the vertices of the path fromv to root  with

3:form=1;:::;ndo
4. fori=1;:::;]Vrj do
5: T.v(i):=0
6: end for
7: end for o
8 q.(1):= Yol
\
v2VT1
9: for m=2;:::;ndo

10 T 1:= Taiis, oLt . (cf. Figure 4.2)
1. Ryo = ol

m 1
\

V2V
TN 1
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subtree

Figure 4.1: Labeling the tree forRankCount

12:  for i =m;:::;jVy,] do
13: M =minfjVzo i 29

14: TmP;v(i) =

M o Wiy qJ*iVeg 3 (0D 2

M i 1 R m 1 .

j=0 Tm (] ) TS 1 Vro i J ()
15: end for
16: end for

17 RETURN 1, := 1,4

Theorem 4.1.5. RankCount returns the quantities

r(i) = Jfrorv)=ir 2 r(T)gj

Proof. We have to show that all the +_.,(i) produced by RankCount equal
the 1,.(i) dened in (4.1.1). In the following, we denote the values ., (i)

produced by the algorithm with ﬁf;v(i) and 1, . (i) shall denote the number of
rank functions with r(v) = i as de ned in (4.1.1). We will show 1 .,(i) = ’T*r'f;v(i)

form=1;:::;n; i =1;:::;jVrj. This is done by induction overm.

Form=1, 1.,(1)= ﬁ'lg;v(l) since (1.3.8) holds. Vertexv is the root of T;, so

m,v()=0forall i> 1.

Letm=kand 1 .(i)= ﬁl?;v(i) holds for allm <k. +1.(i) =0 clearly holds
for all i > jVy,j sincery, : v ! f 1;:::;jVrjg. So it is left to verify that the

term () returns the right values for 1, ., (i). Assume that the vertexv is in the

(i jJ 1)-th positionin Ty 1 (with i j 1> 0) for some rank functionry, |,

and v shall be in thei-th position in Tx. We want to combine the linear order in
the tree T, ; induced byrr, , with a linear order in T, ; induced byrro  to get
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78

Figure 4.2: Labeling the tree for recursion irRankCount

a linear order onT,. The rst j vertices of T, | must be inserted between vertices
of Ty 1 with lower rank than v so that v ends up to be in thei-th position of the
tree Ty. We will count the number of possibilities to do so. The tred,° ; has

. "
Ro = INARIN L
T
v
v2\V.
L

possible rank functions. Combining a rank functiorry, ;| with a rank function

rro  for getting a rank function ry, with rr, (v) = i means inserting the rst]

vertices of .2 ; anywhere between the rst { j 2) vertices of Ty ;1. There are
i j 2+j i 2

j |

possibilities according to Corollary 4.1.3. For combininghe jVr, ,j (i | 1)

vertices of rank larger thanv in Ty 1 with the remaining jVro j ] vertices in
T2 ,, we have

Voo () DHjVroj ) iVt iVee i (1)

Vio i ] Vo i
possibilities. This follows again from Corollary 4.1.3. Té number of rank functions
rr, , With r, (v)=1 | 1is ¢ ,v(i ] 1) by the induction assumption.
Multiplying all those possibilities gives

Vet iVre g () 2

vi ] 1Ryo .
T ov( ] R0 Voo | ] J
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X2

Figure 4.3: lllustration for runtime of RankCount

1,v(1) is then the sum over all possiblg which is equal to the term () for

ﬁlg;v(i). This establishes the theorem. O

Theorem 4.1.6. The runtime of RankCount is O(jVj?).

V!

vavy Vv

Proof. Note that the number of rank functionsRy = on a treeT with

V interior vertices can be calculated inO(jVj), i.e. in linear time.
Further, note that the combinatorial factors | for all n;k j Vj can be
calculated in advance in quadratic time, see Remark (4.1.4)n the algorithm,
those factors can then be obtained in constant time.
Contributions to the runtime from each line in RankCount (the runtime is
always w.r.t. jVj):
Line 1{2: linear time
Line 3{7: quadratic time
Line 8: linear time
Line 9{16: quadratic time since:

Line 11: Ryo | can be calculated inO(jVj). This has to be done form =

X] . . . X] . . . . .><.I . . . .2
IV 1 Vro ) IVilVre 1= ]V] Vro ) 1 V)
m=2 m=2 m=2
The last inequality holds since the vertices of thel.2, m = 1;:::;n 1, are

distinct. Therefore, line 14 contributes a quadratic runtme.
Line 17: constant time

So overall, the runtime is no more thanO(jVj?). Figure 4.3 shows a tree for
which the runtime of RankCount is actually quadratic. Counting all the calcu-
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lations for term () in the algorithm for the tree in 4.3 yields to

Vig j+1 = 2

m=2 i=m =2 i=m

3

= 2(Vr,j (m 1))
=2

3

= 2((2m 1) (m 1))
r)n(:Z

= 2m
m=2

nin+1) 2

Sincen = (jV]j + 1) =2, we have a quadratic runtime.
O

Corollary 4.1.7. The probability P[r (v) = ijT ] can be calculated irO(jVj?). We

have _ .Q
T;v(') - T;V(l) v2V V.,

M0 ivit
Proof. The rst equality in (4.?F} follows from basic probability theory. The second
equality holds since% = . 7.(i) by (1.3.8). The complexity of the runtime
follows from (4.1.6). O

PIr(v) = ijT]= p

4.2)

Remark 4.1.8. We will write P[r(v) = i] instead ofP[r(v) = ijT ] in the following.
With P[r(v) = i] from Corollary (4.1.7), the expected value () and the variance
7 for r(v) can be calculated by

Wi
rv) = iP[r(v) =1i]
i=1
b
‘v = iPr(v) =il 2y
i=1

Example 4.1.9. We will illustrate the algorithm RankCount for the tree in
Figure 4.4. We get the following values:

()= % =1
nv(2) = 1, (D1 2+11 ! 8 =2
v3) = T, (D1 2+11 2 é =1

Tv(4)=0
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V= X1

X2

X3

Figure 4.4: Tree to illustrate the algorithm RankCount
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@)= 1 @243 2 T+ g (02432 1 =40+0=40
Tav(@) = 1, 1v(3)2 4+?§ 3 g + 1, ,v(2)2 4+32 3 i =8+48 =56
T3?V(5) = T 1;V(3)2 4+32 4 i + 71, 1;v(2)2 4+?3_ 4 g =18+ 36 =54
T3?V(6) = T 1;V(3)2 4+3;_ > g + 71, 1;v(2)2 4+% > g =24+16 =40
(7)) = 1 1(3)2 4+% ° g =20
7,v(8) =0
With Tav = Ty WE get
Pr(v)=1] = 0
Pr(vy=2] = 0
40 40 20
Pr(v)=3] = = —— =
r(v) ] 40+56+54+40+20 210 105
28
P =4] = —
rv=4 = 1=
27
PI(V=5] = o
20
P = = -
[r(v) = 6] 105
10
Pr(v)=7] = —
rW=7 = 35
Plr(vy)=8] = 0
Therefore, the expected value ) is
X 497
) = TPrV) =0) = 752 473

i=1
and the variance 7, is

_ 2513 497 _ 344

iPr(v)=1i) Zy= T 108 " 5% 153
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Remark 4.1.10. Note that P[r(v) = i] = %')(J) Common factors in all
j Vv

(1);1=1;:::;)Vr,J will therefore cancel out.

The next algorithm, RankProb , is a modi cation of RankCount such that
common factors of 1., (i);i = 1;:::;jVg,j, will not be included. Therefore, the
numbers we have to deal with in the algorithm stay smaller anthe number of
calculations is reduced.

Algorithm : RankProb (T ;v)
Input : A rooted binary phylogenetic treeT and an interior vertex v.
Output : The probabilities P[r(v) = i] fori =1;:::;jV].
1. Denote the vertices of the path fromv to root  with
(V=X Xo, 005Xy = ).
2: Denote the subtree ofT , consisting of rootx,, and all its descendants, by,
form=1;:::;n. (cf. Figure 4.1).

3: for m= 1 """ 'n do

4. fori= 1 """ ;]Vrj do
5: ~Tm ,\,(I) =0

6: end for

7: end for

8: ~T1 V(l) = 1

9: for m=2;::::ndo

10 TQ, —TmJLTanT . (cf. Figure 4.2)

11:  for i =m;:::;jVy,] do
12: M = mlan Vio i1 29

N . e v i (i ,

" ()= - i V1o, 1J. JVTm-lj. i 1) | 2
i=0 Vo ] ) J

14: end for

15: end for

16: for i =1;:::;jVj do

17: Plr(v) = i] = TTi(')m

18: end for

19: RETURN P[r(v) = i];i =1;:::;jVj:

Theorem 4.1.11. RankProb returns the quantities
Pr(v) = i]
for each givenv2 V and alli 2 1;:::;jVj. The runtime is O(jVj?).

Proof. Note that the structure of RankProb is the same as the structure of
RankCount . The only di erence is that common factors to 1, .,(i) for all i are

not included. Those common factors do not change the probdibes since they

cancel out once calculating the probabilities. ThereforsjnceRankCount  works

correct, alsoRankProb  works correct.
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It is left to verify the runtime. The only time consuming stepin RankProb is
line 13. This line is of the same complexity as line 14 iRankCount . Line 14 in
RankCount contributed a quadratic time. Therefore, the runtime olRankProb
is quadratic as well. O

4.1.2 Non-binary trees and ranks

Let T be a non-binary phylogenetic tree. Assume that any possibtank function
on T is equally likely. With that assumption, we have

T;v(i).
ir(mi-

To calculate these probabilities, the algorithmRankProb can be generalized to
non-binary trees. We call the generalized algorithrRankProbGen

Plr(v) = i]=

Algorithm  RankProbGen (T;v)
Input : A rooted phylogenetic treeT and an interior vertex v.

2: Denote the subtree ofT , consisting of rootx,, and all its descendants, byT,,

3: for m=1;:::;ndo

4. for i=1;:::;jVrj do
S ~T.n(i)=0

6: end for

7: end for

8 ~mn(l)=1

9 for m=2::::;:ndo

10: Label the subtreeT, nT,, 1 by T.2 ; (cf. Figure 4.5)
11: M =minfjVre j Li 29
12:  for i=m;:::;jVy, j do

. X . Vi, d+iVeo j 1 (1) i 2
13: ~Tm ;v(') = T 1;v(| j 1 ' ) " ! . .
i =0 Vro ] 1) J
14: end for
15: end for

16: for i =1;:::;jVj do

17: Pr(v) = i]= —r0

18: end for

19: RETURN P[r(v) = i];i =1;:::;jV]j.

Theorem 4.1.12. RankProbGen returns the probabilities
Plr(v) = i]
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ang?g
7/

nonbinary tree

Proof. The algorithm is the same aRankProb . The only di erence is that in
each step, we denel? | := T, n Ty 1, i.e. the root of .0 is Xy,. For any rank
function on T,2, we now insert the rstj elements (excluding the root.,) before
the vertex v. The number of ways to insert these vertices is counted anglously
to the proof of Theorem (4.1.5). The number of possible rankufictions on T2
does not have to be calculated, since these factors cancel when calculating the
probabilities.
Since we do the same iterations as RankProb , the algorithm RankProb-

Gen has quadratic runtime as well. O

4.2 Comparing two interior vertices

Assume again that every rank function on a binary phylogenettree T is equal-
ly likely. We want to compare two interior verticesu and v of T. Was u more
likely beforev or v beforeu (cf. Fig. 4.6)? In other words, we want to know the
probability

Puey 1= Plr(u) <r (v)jT]

where r(T) is the set of all possible rank functions onT . This probability is,
by Theorem (2.2.4), equivalent to counting all the possibleank functions onT
in which u has lower rank thanv and divide that number by all possible rank
functions onT . The algorithm Compare will solve this problem in quadratic time.

Algorithm  Compare (T ;u;vV)
Input : A rooted phylogenetic treeT and two distinct interior vertices u and v.
Output : The probability Py, = P[r(u) <r (v)jT].

1. Denote the most recent common ancestor ofand v by ;.
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Figure 4.6: What is the probability that vertex u has smaller rank than vertexv?

if 1= vthen
RETURN Py, =0.
end if
if 1= uthen
RETURN Py, =1.
end if
Let T, be the subtree ofT which is induced by ;.
Delete the vertex ; from T ,. The two evolving subtrees are labeled, and
T, withu2T,andv2T,.
: Run RankProb( T,;u) and RankProb( T,;v) to get P[r(u) = i] on T, and
P[r(v) = i] on T, for all possiblei.
11: for i =1;:::; ] do
12:  ucum(i):= ., P[r(u)
13: end for
14: Py«y =0
15: for i =1;:::;jVy,j do
16: for j =1;:::jV4,j do

© N O RN

(=Y
o

i]

. — _ i 1+ IVTyd i+ VT ;
17: p:=Plr(v)=i] ' j“ ijVTuj I ucum(j) ()
18: Pucw = Pu<y + P
19: end for
20: end for
21 tot i jVTuj+jVij
) ’ jVij

22: Py = Py« =tot
23: RETURN P,

Theorem 4.2.1. The algorithm Compare returns the value
Puey = Plr(u) <r (W)JT[:

Proof. Note that the probability of u having smaller rank thanv in tree T,
equals the probability of u having smaller rank thanv in tree T, since for any
rank function on T , there is the same number of linear extensions to get a rank
function on the treeT.

So it is su cient to calculate the probability Py, in T ,.If ;= u, uis before
vinT and we return Py, = 1. If 1 = v, v is beforeu in T and we return
Puww =0.
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In the following, let ; 6 u; ; 6 v. The run of RankProb gives us the
probability P[r(u) = i] in the tree T, and P[r(v) = i] in T, for all i. We want to
combine these two linear orders. Assume that(v) = i and we insertj vertices
of T, beforev. Inserting j vertices of T, into the linear order of T, beforev is
possible in ' 1 ways (see Corollary 4.1.3). Putting the remaining verticem a

j

. . . IV VAR -

linear order is possible in’ TV’J.V”J.’ JT“’ ' ways. The probability that the vertex u
Tu

is among thej vertices which have smaller rank tharv is P[r(u) j]= ucum(j).
There arejr(T,)j possible linear orders offy, andjr(T,)j possible linear orders on
T,. The number of linear orders where vertex has ranki in T,, v has ranki + |
in T, andr(u) <i + j therefore equals

i1+ N AU

O = P = . - T . - . T .
P;; [r(v) =] jr(Tv)j J Vi ] ucum(j) jr(Tu)]
Adding up the p° for eachi andj gives us the number of linear orders whene is
earlier thanv.

Combining a linear order onT, with a linear order on T, is possible in

ATV
tot = J Tu_J J. )
V1,

di erent ways (see Corollary 4.1.3). There argr(T,)j linear orders onT, and
jr(Ty)j linear orders onT,, so onT ,, we have

JVr, i+ JVr,

i ) .
tot®:= Vi Ir(TYijr(Ty)]
linear orders. Therefore we get
P , P

p_ = il Bi i Pi;

usy toto tot
with p; = Pr(v)=i] ' 1 "VTv"J.ij"VJTu" I ucum(j). This shows that Com-
pare works correct. ]

Theorem 4.2.2. The runtime of Compare is O(jVj?).

n

Proof. Again, note that the combinatorial factors | for all n;k j Vj can be
calculated in advance in quadratic time, see Remark (4.1.4)n the algorithm,
those factors can then be obtained in constant time.

Contributions to the runtime from each line in Compare (the runtime is
always w.r.t. jVj):
Line 1: linear time
Line 2{7: constant time
Line 8: linear time
Line 9: constant time
Line 10: quadratic time, sinceRankProb has quadratic runtime
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Figure 4.7: Example forCompare : Calculate the probability of u < v in the
displayed treeT .

Line 11{13: linear time
Line 14: constant time
Line 15{20: quadratic time since () has to be evaluatedV,j jVr,j | Vrj? times
Line 21{23: constant time
Therefore, the overall runtime ofCompare is O(jVj>?). O

Example 4.2.3. Fig. 4.7 displays the treeT . We want to calculate the probabi-
lity Py, i.e. the probability of vertex u having a smaller rank than vertexv.

A run of the Python code attached in Appendix B with input (T ; u; v) returns

- 9
Pu<v - %.

4.3 Application of RankProb - Estimating edge
lengths in a Yule tree

In [16], a primate supertree on 218 species was constructedhmthe MRP me-
thod (Matrix Representation using Parsimony analysis, s€@, 12]). The resulting
supertree is shown in Appendix C. This tree has only 210 inter vertices. The-
re are six soft' polytomies in the supertree, i.e. six vedes have more than two
direct descendants because the exact resolution is uncl€ae. the supertree is
non-binary).

Since for most of the interior vertices, no molecular estinbes were available,
the edge lengths for the tree were estimated. Here, the lehgif an edge represents
the time between two speciation events.

A very common stochastic model for trees with edge lengthstlse continuous-
time Yule model. As in the discrete-time Yule model, at everpoint in time, each
species is equally likely to split and give birth to two new sgcies. The expected
waiting time for the next speciation event in a tree withn leaves is £n. That is,
each species at any given time has a constant speciation rét®rmalized so that
1 is the expected time until it next speciates).

It was assumed that the primate treeT, evolved under the continuous-time
Yule model. In [16], 16 rank functions on T, were drawn uniformly at random.
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Figure 4.8: Labeling the tree for estimating the edge lengsh

For each of those rank functions, the expected time intengli.e. the edge lengths,
between vertices were considered (the expected waiting gnafter the (n  1)th
event until the nth event is 1=n).

The authors of [16] concluded their paper by asking for an alygical approach
to the estimation of the edge length, and we provide this now.

4.3.1 Analytical estimation of the edge length

Let (u;v) be an interior edge inT with u <1 v. Let X be the random variable
“length of the edge ((;Vv)' given that T is generated according to the continuous-
time Yule model.

The expected lengthE[X ] of the edge (1; V) is given by

X
EX]=  EXjr(u)=ir(v)=JIP[r(u)=ir(v) =]l
]

Since under the continuous-time Yule model, the expected itiag time for the
next event is n, we have

. . Xt
EXjr(w=1trv=1Jl=
k=1
It remains to calculate the probability P[r(u) = i;r(v) = j]. We count all the

possible rank functions where(u) = i andr(v) = j. The subtreeT, consists ofv
and all its descendants. The tred evolves fromT when we replace the subtree
T, by a leaf, see Fig. 4.8.

Note that P[r(u) = i;r(v) = j] = 0 if jV5,j <] 1. Therefore, assume
jVr,j ] 1in the following.

The number of rank functions inT, is denoted by Ry,. The probability
P[r(u) = i] can be calculated withRankProb (T,, u). So the number of rank
functions in T, with P[r(u) = i]is P[r(u) = i] Rry,.

The number of rank functions inT, is denoted byRy,. Let any linear order
on the tree T, and T, be given. Combining those two linear orders to an order on
T, wherer(v) = | holds, means, that the vertices with rank 12;:::;j 1in T,
keep their rank. Vertexv gets rankj . The remainingjVr,j (j 1) verticesinT,
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and jVr,J 1 vertices inT, have to be shu ed together. According to Corollary
(4.1.3), this can be done in

Vr,j G D+jvj 1 _ Vo i+ Vel ]
jVr,j 1 Vi 1
di erent ways. Overall, we have
, Vo g+ Ve ]
P[r(u) = Rr, R
[r(u)=i] Ry, Ry, Vej 1

di erent rank functions on T with r(u) = i and r(v) = j. For the probability
P[r(u) = i;r(v) = j], we get

Plr(u)=i] Ry, Ry, Vlrifnil

Plr(u)= i;r(v)=jl=p M b '] —
i PIr(u)=1i] Ry, Ry, JVT?\J/:VJ}/TV; J

SinceRy, and Ry, are independent ofi and j, those factors cancel out, and we
get

— Vryi*+ivei
PIr(u) = i Vrelrivey

Pr(uy=ir(v)=jl=p e
—_ JVuJ+JV vJ J
I;j P[r(u) - I] TjVTVjTl

Further, we note that
Ve b+ 0Vnd _ (Vrj )
jvrj 1 (Ve DGV ] (Vo) D)

Again, since {Vr,j 1)!is independent ofi and j, this factor cancels out, and we
are left with

Piru) = i1 SV %Gvej § K)

Pr(u)=i;r(v)=jl= p
4 PIr(u) = i] ’V”’ (el i k)

Let = f(i;j):i<ji) 2fL:::5;)Vijg;jVr,] 1 1g. With that notation, the
expected edge lengtle[X ] is

X
E[X] = E[Xjr(u)=i;r(v) = jIP[r(u)=i;r(v)=jl
(i5j)2 2 N | Q 3
_ X 4 Xt 9 . P[rLu)— il JVTVJ 2(JVTJ i K .
Gz e PKOT R =] M MG | K)
i TP Pir(w) = 1 O 2Gvi) | 9
(i )2 k= }1_k = VTl ] )

= o } (4.3)
g Pr(uy=i] M%) 26w § K

(ij)2
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Remark 4.3.1. With Equation (4.3), we can estimate the length of all the inerior
edges. For the pendant edges, the approach above gives us stimeate though.
All we know is that the time from the latest interior vertex, which has rankn 1,
until the presence is expected to be at most=h wheren is the number of leaves.

Remark 4.3.2. In a supertree, we can have interior vertices which are notlfy
resolved, i.e. an interior vertex can have more than two demtdants, because the
exact resolution is unclear. Our calculation for the expeetl edge length assumes
a binary tree though.

However, we can calculate the expected edge length for eaabsgible binary
resolution of the supertree. Assume the supertreé has the possible binary re-

We calculate the expected edge length[X ] of (u;V) in the supertreeT by

P
Ei € I:)[Ti]

X = P[Ti]

(4.4)

where the probability P[T;] is calculated according to Corollary (2.2.5).

Note that if u is a vertex with more than two descendants i, v is in general
not a direct descendant ofu in T,. The value g in resolution T; is then the sum
of all expected edge lengths on the path fromto v in T.

Remark 4.3.3. In the primate supertree in Appendix C, there are six interio
vertices with more than two descendants (vertex labels 483,148 153 157 and
200). For the vertices labeled with 63 and 200, only one restibn is possible (up
to the labeling).

The interior vertices with label 48, 153 and 157 have three sleendants each.
So there are 3 possible binary resolutions. The interior vertex 148 has tio leaf-
descendants. There are two possible binary resolutions (tp the labeling). To
calculate the expected edge lengths for the primate supestr, we therefore have
to calculate the expected edge lengths or? 32 binary trees and then calculate
the weighted sum from Equation (4.4).



Chapter 5

Speciation Rates

This chapter was motivated by Craig Moritz and Andrew Hugall biologists from
Berkeley and Adelaide. They looked at a tree showing the relanships between
a set of snails. Each of those snails lives either in rain fateor open forest. The
tree has edge lengths assigned. Moritz and Hugall asked ikthate of speciation
is di erent for rain forest snails and open forest snails.

Mathematically, determining the rate of speciation is the dllowing problem.
The leaves are divided into two classes, and (e.g. rain forest and open forest
snails). Given the rate that a species belonging to class changes to a species
belonging to class (and vice versa), we calculate the expected length of an edge
between two species of group (resp. ). This expected length is an estimate for
the inverse of the rate of speciation and is calculated in kar time.

5.1 Some notation

De nition 5.1.1.  Let X °be a non-empty subset oX . Let C be a non-empty set.
A character on X is a function : X! C. C is the character state sebf . If
X %= X, we say is afull character . If jCj =2, we say is abinary character.

De nition 5.1.2. Let T be a rooted phylogeneticX -tree with vertex setV and
leaf setL V. Let be a full binary character onT, :X !f ; g. Dene

Figure 5.1: A phylogenetic tree with a full character on thedft and a phylogenetic
state tree on the right (without the leaf labels).

57
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\{!
.~ -edgee
V2

N
N
N
N

Figure 5.2: With s(v;) = ; ands(vy) = »,, the edgee=(vy;V,) isa -edge.

Figure 5.3: Rate of the state change for a binary character

s:V!If ; gwith sj = 1. (T;s) is called aphylogenetic state tree s a
state function .

In the following, the phylogenetic state tree T ;s) shall have assigned a func-
tion | : E! R*.I| shall denote the edge lengths of. Let 2f ; g throughout
this chapter. Let v be any node in T;s) with s(v) = . We then say that the
stateof vis .Let 2f; g f ; gthroughoutthe chapter,i.e. =( 1; »2)
with 4; ,2f ; g. Anedgee=(vy;V) of (T;s)wherev; <t v, ands(vy) = 1,
s(v) = ,iscalleda edge

5.2 Markov Chain Model

Throughout evolution, assume that state changes to state with rate r and
state changes to state with rate r , so the rates only depend upon the state of
the last vertex (see Fig. 5.3). This means that the state chae follows a Markov
Chain model, and for that model, we want to calculate the trasision matrix

_p () p ()
PAE= 5 (@) p ()

wherep , ,(I(€)) = P[(s(v2) = 2)j(s(vi) = 1)] with e=(vy;V;) and vy <t Va.
The rate matrix R is de ned as
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Diagonalization of R yields

— — 1
R= r "5 0 (r +r1) S
with
1 r
S= 1

From stochastic processes, we know that the connection ben the rate matrix
and the transition matrix is

PYI(e)) = RP(I(e)
Solving this di erential equation yields
P(I(8) = PO

with P(0) = 1d sincel(e) = 0 means staying in the vertex. ThereforeP (I(€)) can
be rewritten as

P((e) = &
0
(r +r)

0
(r +r)

= expfS S YI(e)g

S expf l(e)gS *!

0
0
0
0

1 0

— 1
= S g et e S

1 ro+r )l(e r ro+r )i(e
L r4reC @ L1 g e
- r 1 e (r+r)ie +1 r +r e (T +r)ie
r +r

r +r

The initial probability of vertex v being in state shallbe , 2f; g It
holds
R = )
r r
SO

Therefore, for any given phylogenetic tred with edge lengthsl(e), the pro-
bability of its vertices being in states according to a statéunction s is
Y
P[S] = s() Ps(v1);s(vz2) (5.1)
e2E

e=(v1;v2)
Vi<t V2

Furthermore, it holds for anye 2 E with e = (vy;Vy)

r 1
Pstvstu) (1(8) = = Pagurysgun (1(6)) (5.2)

s(v2)
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5.3 Expected length of a  -edge

Given a phylogenetic treeT with character , edge lengthl(e) and rate matrix
R, we want to calculate the expected average length of aedge over all T;s).
The inverse of this length is an estimate for the rate of spextion.

Calculating the expected average length of a-edge over all T;s) means
calculating > X

3
l(e)
E § e2E; e edge 2
# of edge
whereE denotes the expected value over adlgivensj. = . Trying to calculate

this expected value turns out to give us very nasty recursioformulas.
So we change the problem slightly and try to calculate instela

" #
X
E I(e)

e2E; e edge

E [# of edge$

De ne the random variable

_ 1 ifeis -edge
X (&)= 0 else
With that, we get

" #
X
E I(e)

e2E; e edge

E [# of edgf:}

X
E (&)X (e
_ e E #
X

E X (e
e2E

I(e)PI(X (&) =1)j ]

= 2k (5.3)
PI(X (=1)j ]

e2E

X

whereP[(X (e) = 1) ]denotes the probability ofe being a -edge giversj, =

So it is basically left to calculateP[(X (e) =1)j ]. To do so, we rst de ne two

subtrees ofT (see also Fig. 5.4). Denote the end vertices efby ; and , with
1 <t 2. By deleting the -edgeein T, we get two new treesT; and T,, T;

with ; 2 T, and character ; = | L(Lt,)s and T, with , 2 T, and character
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Figure 5.4: Calculating the expected edge length: De ning@; and T,

2= L(Lt,) where Lt denotes the set of leaves ofi, i 2 f 1;2g. The root in
T; shall be ;, so becomes an ordinary vertex in;.
P[ ij(s( i) = )] shall denote the probability of the character ; on the tree

T givens(i) = . P 1npj(s( 1)= 1) shall denote the probability of the
character .1, on the treeT nT, givens( 1) = 1. P[ 1;s] shall denote the
probability of the character and the state functions on the tree T. We denote
the vertices on the path from ;to by 1= Xg3;X2;:::; Xy 1;%Xy = . With (5.1)

and (5.2), it holds

Q.” 1p .
P[ l;S] = o 1)Qr;=11 S(Xi)’S(XHl)P TnTz;S
s() B Ps(xi+1 )is(xi)
_n= ! Ps(xi)is(xis1 )
= sblr)] 1Irs%Xi+l) P TnTz;S

() 0=l T, Ps(xidis(is)

_ s 0Fsxy) =

= TnTes S
s( ) Fs(xn)
rr
= rr+rr P TnT: S
r +r
= P 1S
This yields
_ X
P[ 4(s( )= 1)] = P[ 1;9]
s:s(x1)= 1
= P rnr;S
sis( 1)= 1

P rani(s( 1) = 1)

With that result, we get
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r r2

TO TOO

Figure 5.5: Calculating the expected edge length: De nind@"

PIX (=1)] ]=

PI(X (e =1)] P[ j(X (e) =1)]
P[]
1P LUE@)P  1ani(s( 1) = 1) P[ 2(s( 2) = 2)]
P UE)PL j(s( 1) = DIP[ 1i(s( 2) = 2)]

=( 1; 2)
= _y 1P LI(@)P 4i(s( 1) = IIP[ 2i(s( 2) = 2] (5.4)
P (E@)PL (s 1) = )IP[ ni(s( 2) = 2)]
=( 1; 2)

P[ ij(s( i) = i)]is calculated in a recursive way, starting from the bottornof the
tree.

Suppose we have the subtreE as in Fig. 5.5 and eitherr,, r, are leaves or we
know P[ 1oj(s(r1) = )lontreeT% P[ toj(s(ro) = )]ontreeT%for 2f ; g.
With that, we get the following recursive formulas for the probabilities on tree

I .
. IQ/ 1 p 2
[ J(S(r) )] 7N (r ) (r )

PP

1, 22f 5 g

For r, leave,r, interior node:
X

P[ td(s(ro)= 1Ip )P .

12f

P i(s(r) = )= “%—

P[ rq(s(ro)= 1lp ,p ,

1, 22f ;g
For r, and r, interior nodes:

P[ ri(s(r)= )I=

P[ toj(s(r1) = 0IP[ td(s(r2)= 2)Ip .p ,

1, 22f ;g
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Algorithm EdgeLength (T; )

Input : A rooted binary phylogenetic treeT and a character on T with state
change rates andr

Output : The values for 2f ; g f ; g(cf. Equation (5.3))

De ne the subtreesT; and T, of T as described above.

Calculate P[ 1,j(s( ;)= ;)] fori 2 f1;29, ] 2 f 1;2g, with the recursive
formulas from above.

Evaluate P[(X (e)=1)j ]accordingto (5.4)forall 2f; g f ; o@.
Evaluate  according to (5.3) forall 2f; g f ; g

Theorem 5.3.1. EdgelLength works correct, i.e. it returns

" #
X
E (1(e)

e2E; e edge

E [# of edge$

The complexity isO(jVj), so it is linear.

Proof. The correctness of the algorithm follows from the construicin above. It is
left to verify the runtime.

Calculating the probabilities P[( rj(s( i)= ;)] fori 2 f1,2g9,j 2 f 1;2g with
the recursive formulas require®©(jV]) calculations since we have to evaluate one
recursion formula for each vertex. For each edge P[(X (e) =1)] ] can then be
calculated according to (5.4) with a constant number of caldations. So obtaining
P[(X (e)=1)j ] for all e requiresO(JEj) = O(jV]) calculations. Calculating
according to (5.3) requires agairO(jEj) calculations. Therefore, the complexity
is linear. O



Outlook

There are several topics in the thesis which suggest furthemork.

In Chapter 3, we conclude with the log-likelihood-ratio tesfor deciding if a
tree evolved under Yule. The given bound for the power of theest, Equation
(3.4), depends on the bound for the Azuma inequality. The baw Inn for the
Azuma inequality was obtained in 3.2.1 by a lot of rough estiations. So we are
very con dent that there can be found a better boundclnn, with ¢ 1 being
a constant. This would lead to an improved bound for the poweof the log-
likelihood-ratio test (i.e. one could show analytically tlat the log-likelihood-ratio
test is very good even on trees with a small number of leaves).

The edge lengths estimation in Section 4.3 will be implemesd by Rutger Vos
in Perl for his library and in Java for Mesquite (Mesquite is @ree manipulation
software suite). Once implemented, the algorithm can najyl be applied to real
data. One can then estimate the edge lengths of a constructedpertree.

Section 5 provides an algorithm for calculating . and . which estimate
the average edge lengths. Let be the speciation rate for species of class
and let be the speciation rate for species of class One could test the
hypothesis . = . against . 6 . with the statistic —. For evalua-
ting this test, i.e. obtaining the Type | and Type Il error, one can use simulations.

Further, in Section 5, we assumed that the transition rates and r are

given. An interesting open question is how to handle the prédm without having
these transition rates in advance.
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List of Symbols

Symbol

;
;

(2n !

(T:s)

(T;r)

(i)
(v)

\"

Meaning page
partial order on the vertices of a treel 6
partial order on the vertices ofT 6
2n 1) (2n 3):::3 1 10
phylogenetic state tree 6
ranked phylogenetic treeT with rank function r 6
jfror(v)=1ir 2r(T)gj 41
character on a phylogenetic tree 57
degree of vertexv 5
number of elements oW that are descendants of/ 7
initial probability distribution of Markov chain 59
root of a tree 5
labelling function of a phylogenetic treeT 5
estimated length of a -edge 60
phylogenetic X -tree 5
Primate supertree constructed in [16] 73
phylogenetic subtree ofl induced by vertexv 6
phylogenetic subtree ofl with label set X © 6
Entropy of the probability distribution p 19
Probability P[r(u) <r (v)jT] 50
Uniform distribution on RB (X) 18
Probability of T under the uniform model 18
Yule distribution on RB (X)) 18
Probability of T under the Yule model 18
Catalan number 10
set of character states 57
number of direct descendants of vertex v 6
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der (P; 0
E.E+
I(e)
L;L+

p 1; 2
P(l(e)

r(r)
rrr
r(T)
rRB (n)

rRB (X)
R
RB(n)

RB(X)
S

\

V V¢

Kullbach-Liebler distance betweerp and g
Edges of a phylogenetic tred

Length of edgeein T

Leaf set of a (phylogenetic) tree
probability of state change from ; to »
transition matrix of Markov chain,
dependent on edge length

rate of change from state to ( to )
rank function of phylogenetic treeT

Set of rank functions onT

Set of ranked binary phylogeneticX -trees
with X = f1;2;:::ng

Set of ranked binary phylogeneticX -trees
rate matrix of a Markov chain

Set of binary phylogeneticX -trees

with X =f1;2;:::ng

Set of binary phylogeneticX -trees

state function

Set of vertices of a (phylogenetic) tree

Set of interior vertices of a (phylogenetic) tree
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Algorithms coded in Python

Rank functions
Daniel Ford, Tanja Gernhard 2006

Functions:

rankprob(t,u) - returns the probability distribution
of the rank of vertex "u" in tree "t"
expectedrank(t,u) returns the expected rank
of vertex "u" and the variance
compare(t,u,v) - returns the probability that "u"
is below "v" in tree "t"

HFHEIFEHFEHFEHFEFEEFEREHR

import random

# How we store the trees:

# The interior vertices of a tree with n leaves are

# labeled by 1...n-1

# Example input tree for all the algorithms below:

# The tree "t" below has n=9 leaves and the inner nodes have

# label 1...8

t1 = (0, (), {leaves_below" 2, 'label: 4}), (),
{leaves_below" 3, 'label 3})

t2 = (0, (), {leaves_below" 2, ‘'label: 7}), (0, (),
{leaves_below" 2, 'label 8}),
{leaves_below" 4, 'label 6})

t3 = ((), (), {leaves_below" 2, 'label: 5})

t4 = (t1,t3,{leaves_below" 5, 'label: 2})

t = (t2,t4,{leaves_below" 9, 'label 1})
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# Calculation of n choose |
# This version saves partial results for use later
nc_matrix = [] #stores the values of nchoose(n,))
# -- note: order of indices is reversed
def nchoose_static(n,j,nc_matrix):
if j>n:
return O
if len(nc_matrix)<j+1.:
for i in range(len(nc_matrix),j+1):
nc_matrix += [[]]
if len(nc_matrix[j])<n+1:
for i in range(len(nc_matrix[j]),j):
nc_matrix[j]+=[0]
if len(nc_matrix[j])==j:
nc_matrix[j]+=[1]
for i in range(len(nc_matrix[j]),n+1):
nc_matrix[j]+=[nc_matrix[j][i-1]*i/(i-))]
return nc_matrix[j][n]

# dynamic programming verion

def nchoose(n,)):
return nchoose_static(n,j,nc_matrix)
#nc_matrix acts as a static variable

# get the number of descendants of u and of all vertices on the

# path to the root (subroutine for rankprob(t,u))
def numDescendants(t,u):
if t==():
return [False,False]
if t[2]["label"]==u:
return [True,[t[2]["leaves_below"]-1]]
X = numDescendants(t[0],u)

if x[0] == True:
if t[1]==():
n=2~0
else:

n = t[1][2]["leaves_below"]-1
return [True,x[1]+[n]]
y = numDescendants(t[1],u)

if y[0] == True:
if t[0]==():
n=2~0
else:

n = t[0][2]["leaves_below"]-1
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return [True,y[1]+[n]]
else:
return [False,False]

# A version of rankprob which uses the function numDescendan ts
def rankprob(t,u):
X = numDescendants(t,u)

X = X[1]
lhsm = x[0O]
k = len(x)
start = 1
end = 1

rp = [0,1]
step = 1

while step < k:
rhsm = x[step]
newstart = start+1
newend = end+rhsm+1
rp2 = ]
for i in range(0,newend+1):
rp2+=[0]
for i in range(newstart,newend+1):
g = max(0,i-1-end)
for j in range(g,min(rhsm,i-2)+1):
a = rp[i-j-1]*nchoose(lhsm + rhsm - (i-1),rhsm-j)
*nchoose(i-2,))
rp2[il+=a
rp = rp2
start = newstart
end = newend
lhsm = lhsm+rhsm+1
step+=1
tot = float(sum(rp))
for i in range(0,len(rp)):
rp[i] = rpli}/tot
return rp

# For tree "t" and vertex "u" calculate the
# expected rank and variance
def expectedrank(t,u):

rp = rankprob(t,u)

mu =20

sigma = 0

69



APPENDIX B. ALGORITHMS CODED IN PYTHON

for i in range(0,len(rp)):
mu += i*rpli]
sigma += i*i*rp|[i]
return (mu,sigma-mu*mu)

# GCD - assumes positive integers as input
# (subroutine for compare(t,u,v))
def gcd(n,m):
if n==m:
return n
if m>n:
[n.m]=[m,n]
i = n/m
n = n-m*
if n==0:
return m
return gcd(m,n)

# Takes two large integers and attempts to divide them and giv e
# the float answer without overflowing

# (subroutine for compare(t,u,v))

# does this by first taking out the gcd

def gcd_divide(n,m):

X = gcd(n,m)
n = n/x
m = m/x

return n/float(m)

# returns the subtree rooted at the common ancestor of u and v
# (subroutine for compare(t,u,v))
# return
# True/False - have we found u yet
# True/False - have we found v yet
# the subtree - if we have found u and v
# the u half of the subtree
# the v half of the subtree
def subtree(t,u,v):
if t == ():
return [False,False,False,False,False]
[a,b,c,x1,x2]=subtree(t[0],u,Vv)
[d,e,f,yl,y2]=subtree(t[1],u,V)
if (a and b):
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return [a,b,c,x1,x2]
if (d and e):
return [d,e,f,yl,y2]

(a or d or t[2]["label"]==u)
(b or e or t[2]["label"]==v)

False
False

SHJOE RS X

SRR
I

x1

=
—
N

1

X2

=
o
—
=
1

yl

=
@
~+
N
1

y2

#

if x and (not y):

tL =1t

elif y and (not x):
2 =1t

#

if t[2]["label"]==u:
tL =t

if t[2]["label"]==v:
2 =t

return [X,y,t,t1,t2]

# Gives the probability that vertex labeled v is
# below vertex labeled u
def compare(t,u,v):
[a,b,c,d,e] = subtree(t,u,v)
if not (a and b):
print "This tree does not have those vertices!"

return O

if (c[2]["label"]==u):
return 1.0

if (c[2]["label"]==v):
return 0.0

tu=d

tv =e

usize = d[2]["leaves_below"]-1
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vsize = e[2]["leaves_below"]-1

X = rankprob(tu,u)

y = rankprob(tv,v)

for i in range(len(x),usize+2):
x+=[0]

xcumulative = [0]

for i in range(1,len(x)):
xcumulative+=[xcumulative[i-1]+x[i]]

rp = [0]
for i in range(1,len(y)):
rp+=[0]

for j in range(1,usize+1):
a = YliJ*nchoose(i-1+j,j)*nchoose(vsize-i+usize-j,
usize-j)*xcumulativel[j]
rpli]+=a
tot = nchoose(usize+vsize,vsize)
return sum(rp)/float(tot)
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Primate Supertree
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Mandrilins sphing
Mandrifhes leucopkdsus
Cormocelus lorquas
Cernocelus gale rines
Lopkocelus albigera
Theropithecus gelada

Bapio kamadryds

Macaca sylvanus
Macdca tonkeana
124
Macdca mdurd
Macdca ochreana
Macdca vigra
Macac s silenus
Macdca remestring
Macaca dnctoides
Macaca nadidra
SMacaca ATARER SIS
Macaca thibetana
Macaca sinica
Macdea fsciculdris
Macdca fuscata
f aiigacaca raal citkct

Macaca cvclopis

T T T 1 T T T T |mwa
5 0

Figure C.1: Primate Supertree - Figure 3

A ithecus Rigroviridis

Miopithecus tldpoin

Erpth patas

Chiorocelus asthiops

Ceropithecus solatus
108 reopitkecus preussi
‘Ce ropitecus hoesr
Cercopitheces kamiyri
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Cerapithecus campbelli
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Ceropitheces pogonids
Cemopithecus erythrois
Cerapitheces cophus
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Cemopithecus rickildns
Cerapitheces mitis
Cerapithecus dryds

Cemwapithecus Jidra
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Figure C.2: Primate Supertree - Figure 4
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Colobus satdnds
Colobus argalensis
Colobus guereza
deahaspdykomas
Procololns verus
Erocolobus badus
Brocalolas perrarkii
Nasdliz concolor
Nasaliz farvams

Pygarthric

Eygathric avwncilus
Pygathric oeliana
Pygathric bisti
Pygathric brelicki

B reskryris potenziari
Ereckyriz meldlophos
Preskyriz rubicunda
Preslyris fronsara
Preskytiz comatd

Trachypithecus geei

Trachypithecus durdhes
155 Trachypithecus francois
154 Trackypithecus c igtdms
Trachypithecus piladius
Trachypithecus obsoerus
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e
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151

C Trachypithecus joknii
]
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Figure C.3: Primate Supertree - Figure 5
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Hylobates syrdacnius
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79 Hylobates lawcogeny s

T
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Figure C.4: Primate Supertree - Figure 6
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Figure C.5: Primate Supertree - Figure 7
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Figure C.6: Primate Supertree - Figure 8
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Callicelus cine miscens
Callicelus moloch
Callicelus brunneus
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Figure C.7: Primate Supertree - Figure 9
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Figure C.8: Primate Supertree - Figure 10
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Figure C.9: Primate Supertree - Figure 11
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Figure C.10: Primate Supertree - Figure
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Figure C.11: Primate Supertree - Figure
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power of a test, 37
primates, 53

rank function, 6
number of, 7

ranked phylogenetic tree, 6
number of, 13

rate matrix, 58

rate of speciation, 57

81



INDEX

root, 5

state function, 58
state of vertex, 58
subgraph, 5
subtree, 5
induced byv, 6
phylogenetic, 6
supertree, 53
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